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Abstract

Netherlands Railways (NS) studies an integrated crew planning approach in which daily
duties are constructed and assigned while penalties from individual fairness histories steer
the planning process over time. The resulting column generation procedure repeatedly
solves a restricted master problem (RMP). Pricing can generate many candidate duties,
and inserting too many of them increases RMP size and re-optimization time. This
thesis investigates whether expert-guided and machine-learning-based column selection
can reduce this computational burden while preserving comparable root-node objective
quality.

An expert mixed-integer linear program is adapted from the literature to the set-
covering and per-template pricing structure at NS. Its decisions provide labels for a graph
neural network (GNN) that represents candidate duties and master-problem constraints as
a bipartite graph. The selectors are evaluated at the root node and over the full planning
day on real three-base and six-base NS instances. The learned model is trained only
on the three-base instance and transferred without retraining to the six-base instance.
Hybrid full-day variants use the alternative selector at the root node and return to the
NS baseline after the first dive.

The expert requires a template-level safety mechanism to prevent individual pricing
subproblems from stalling. It reduces the final root-node RMP by 77.29% and 78.49%
on the three-base and six-base instances, respectively. However, its minimal selections
cause enough additional iterations to increase total root-node time. The GNN achieves a
test balanced accuracy of 78.5% and an AUC-PR of 0.580. Inside the solver, it reduces
root-node time by 4.65% on the three-base instance and by 16.52% on the six-base in-
stance, while keeping the objective within 0.89% and 0.84% of the baseline. Over the full
planning day, the hybrid GNN reduces total time by 10.11% and 16.27%, respectively.
Full-day solution-quality differences cannot be attributed solely to column selection be-
cause different root-node pools lead to different diving paths.

The results show that a GNN can learn structural column-selection behavior in a
fairness-over-time crew planning problem and can improve computational efficiency while
preserving comparable root-node quality. The main remaining challenge in this NS setting
is to adapt how many columns are inserted to keep templates progressing, so that RMP
reduction does not come at the cost of excessive iterations.
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Chapter 1

Introduction

Efficient resource allocation is a fundamental challenge in large-scale transportation sys-
tems. Railway operators must coordinate infrastructure, rolling stock, and human re-
sources in order to provide reliable and cost-efficient services. Effective crew and resource
planning directly impacts operational performance and service quality (Mertens et al.,
2023). Among these planning tasks, the management and assignment of railway person-
nel is particularly complex. This complexity arises from the large number of operational
constraints and the need to maintain fair and sustainable working conditions. For a ma-
jor passenger railway operator such as Netherlands Railways (NS), planning the work of
thousands of train drivers and guards across a dense national network results in large
combinatorial optimization problems.

In the field of operations research, this problem is typically referred to as crew planning.
Crew planning is traditionally divided into two sequential stages. In crew scheduling,
individual train trips are grouped into feasible working days, called duties. For example,
a duty might combine a morning trip from Utrecht to Amsterdam with a return service
in the afternoon, subject to constraints on maximum working time and required break
placement. In crew rostering, the generated duties are subsequently assigned to individual
crew members over a longer planning period, such that every employee receives a complete
and workable schedule over several weeks. This decomposition keeps each stage tractable,
but limits the extent to which duties can be tailored to the specific circumstances of
individual crew members.

Fairness has long been a core concern in the planning operations of NS. At the
company, these considerations are governed by the Sharing-Sweet-and-Sour (SS&S) rules
(Abbink et al. [2005)). These rules were introduced following nationwide railway strikes
in 2001. Their goal is to distribute sweet (attractive) and sour (unattractive) work
fairly among the crew members. For example, in the case of guards, sweet work includes
trips on modern rolling stock units, while sour work involves trains with a higher risk of
passenger aggression. NS has 28 crew bases, each corresponding to a large station with
a fixed group of crew members who operate trips nationwide but must start and end
their work at this station. Traditionally, workload allocation focused on balancing these
attributes across each crew base. However, recent analysis has shown that aggregated
measures do not guarantee fairness for individual employees, often leading to unequal
outcomes among crew members at the same crew base (van Rossum et al., 2024).

To address these limitations, van Rossum et al.| (2024)) proposed a novel integrated
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approach that combines duty construction and individual assignment within a rolling
horizon framework. A penalty-based feedback mechanism dynamically steers assignments
based on each crew member’s accumulated work history, gradually improving individual
fairness compliance over time. While this perspective improves the ability to manage
fairness over time, it also increases the complexity of the planning problem. The number
of feasible duties that can be constructed from a given set of train tasks is extremely
large, and the assignment cost of a duty depends on the individual history of the specific
crew member to whom it is assigned. Evaluating all possible options directly is infeasible.
The planning system therefore relies on column generation, which is a decomposition
technique commonly applied to large-scale crew scheduling and crew planning problems
with set-covering or set-partitioning formulations (Desaulniers et al., 2005)).

Rather than evaluating all options at once, column generation iteratively solves a
restricted master problem (RMP) over a limited subset of duties and generates additional
candidate duties through a pricing subproblem. Each pricing step can produce many
candidates with negative reduced cost, but adding all of them to the master problem is
computationally wasteful and can slow convergence due to degeneracy. A selection step
therefore determines which candidates are actually inserted. In the NS prototype solver,
this step is governed by a task-disjoint heuristic that filters candidates based on reduced
cost and task overlap. Although efficient, this heuristic evaluates duties largely in isolation
and does not consider their broader impact on the optimization process. Furthermore,
van Rossum et al.| (2024) observe that a substantial portion of the solving time in their
experiments is spent repeatedly re-optimizing the RMP. This highlights the importance
of managing the number and quality of columns added during the process, pointing to
the column-selection step as a key lever for improving computational efficiency.

The prototype solver implements this integrated planning framework and is used for
experimental studies, with the long-term goal of transitioning to such an individualized
planning approach in practice. The production solver currently used at NS relies on a
different planning approach and does not incorporate this individual feedback mechanism.
Improving the column-selection step remains a key research gap, and this thesis investi-
gates alternative selection strategies within the prototype solver environment to address
it. Throughout this thesis, the current task-disjoint selector serves as the benchmark
against which these alternative strategies are evaluated.

Machine learning offers a promising approach to support the column-selection step.
Rather than relying solely on heuristics, data-driven models can learn patterns from
previous optimization runs to identify which duties are most likely to improve the solution.
The work of [Morabit et al. (2021) provides a principled framework for this direction. In
their approach, a mathematical expert first identifies a small subset of generated columns
that is expected to improve the next RMP solve by evaluating the optimal combination
of these columns rather than assessing them in isolation. A supervised learning model
is then trained to imitate the expert, replacing the computationally expensive expert
with a fast prediction at deployment time. Their study focuses on the root-node linear
relaxation, that is, the first linear programming phase of column generation before any
integer fixing decisions are made. In that setting, the RMP remains comparable across
iterations, and the effect of column selection can be isolated cleanly. Their experiments on
vehicle and crew scheduling problems demonstrate meaningful runtime reductions without
compromising solution quality. Inspired by these ideas, this research explores the use
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of a graph neural network (GNN) to guide column selection within the NS prototype
solver. By representing duties and constraints as a graph, the GNN can capture structural
relationships in the problem and predict which duties are most valuable to include at each
iteration.

This thesis investigates the feasibility and performance of expert-guided and learning-
based column selection within the NS setting through a two-part contribution. The first
part formulates and evaluates an expert selector within the NS column generation frame-
work. It examines whether the expert can be adapted to the structural characteristics of
the NS problem and what insights its selection behavior provides into the column gen-
eration process. The second part investigates whether a supervised learning model can
imitate the expert’s decisions and whether such a learned selector can improve the com-
putational efficiency of the column generation procedure while preserving solution quality.
Following the evaluation strategy of Morabit et al.| (2021)), the primary analysis is con-
ducted at the root node, with additional full-day experiments included to assess broader
operational impact. The investigation is guided by the following four research questions,
where the first two address the formulation and behavior of the expert, and the latter two
evaluate the feasibility and performance of the learning model:

RQ1. Can an expert be formulated and applied to select a smaller subset of generated
columns within the column generation framework for the NS crew planning problem
with fairness over time?

RQ2. What insights does the expert selection approach provide into the column genera-
tion process compared to the task-disjoint baseline, in terms of RMP composition,
convergence behavior, computational effort, and solution quality?

RQ3. Can a supervised learning model imitate the expert selection decisions within the NS
column generation setting and predict which generated columns should be selected?

RQ4. Does the learned column-selection policy improve computational efficiency while
maintaining solution quality, relative to the task-disjoint baseline and the expert?

The remainder of this thesis is structured as follows. presents an overview of the
current crew planning problem with fairness over time at NS. reviews relevant
literature on crew planning, fairness, machine-learning-based methods for optimization,
and positions the contribution of this thesis relative to prior work. details
the expert formulation, the machine learning pipeline including feature construction and
model architectures, and the experimental design. presents the experimental
results and performance analysis. discusses the findings in their operational
and computational context. concludes the thesis. Mathematical background

on column generation and machine learning is provided in [Appendix A]
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Chapter 2

Problem overview

This chapter explains the planning problem that motivates this thesis. first
positions crew planning within the railway planning process and introduces the transition
from the current NS process to the future template-based approach. [Section 2.2)defines the
operational planning problem alongside the main planning objects. explains
how daily decisions are linked through a rolling history and a penalty-based feedback
mechanism. The daily mathematical model is presented in[Section 2.4] Finally,
describes the column generation heuristic and identifies the column insertion decision
studied in this thesis.

2.1 Crew planning at NS

Railway planning consists of multiple interdependent stages, each refining the level of
detail of the operational plan. This is illustrated in [Figure 2.1 The general objective
is to provide reliable and efficient train services while maintaining acceptable working
conditions for staff. At the strategic level, network design determines where infrastructure
investments are needed to address capacity limitations. Based on this infrastructure,
line planning specifies which train services are operated and how frequently they run.
These lines are then translated into a detailed schedule, where departure and arrival
times are assigned with respect to track and station constraints. Subsequently, rolling
stock scheduling assigns train units to the planned trips to ensure sufficient passenger
capacity. Crew planning completes this process by assigning personnel to operate the
planned services. In practice, these plans are subject to real-time adjustments during
operations. These disruptions require modifications to previously constructed schedules.

Crew planning is traditionally divided into crew scheduling and crew rostering
(Borndorfer et al., 2018; (Caprara et al. |1997). The crew scheduling phase combines
timetable tasks into feasible duties. A single task might represent a train trip from
Utrecht to Amsterdam at a specified time, whereas a duty combines several such trips
into one complete working day. Crew rostering subsequently assigns the generated duties
to crew members over a longer planning horizon. For example, a weekly roster might
assign an early duty on Monday, a late duty on Tuesday, and a designated rest day on
Wednesday. Such a decomposition makes large planning instances easier to solve because
duty construction and long-term assignment rules are handled separately.

Separating the two phases also limits the extent to which duties can be tailored to
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Network design

l
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[ Disruption management J

Figure 2.1: Overview of the railway planning process, detailing the crew planning decomposi-
tion.

individual circumstances. Duties are created before planners know which specific person
will perform the work. The later rostering step can exchange complete duties between
employees, but the step cannot alter the underlying task content. A crew member who
has recently received an accumulation of undesirable work might therefore still have to be
assigned one of the fixed duties available in the pool. Constructing a newly tailored duty
would lead to a better individual work package, but the traditional sequential approach
prevents such dynamic adjustments.

At NS, crew members are organized into 28 geographically distributed crew bases
across the Netherlands. The locations of the bases are shown in [Figure 2.2 Each crew
base relies on its own dedicated workforce, and a regular duty must start and end at the
exact same base. The type of work available to different bases varies depending on the
specific location within the network. This structure introduces assignment restrictions
and leads to regional variation in both workload composition and feasibility. Fairness
considerations have traditionally been captured through Sharing-Sweet-and-Sour (SS&S)
principles (Abbink et al. |2005). These rules aim to balance desirable (sweet) and un-
desirable (sour) work characteristics across crew bases. The rules operate strictly at the
aggregate crew-base level. Operating at an aggregate level means that a base can satisty
a fairness rule overall even when individual employees within that base receive substan-
tially different personal work packages. The current planning process introduces further
complications because the operational timetable and rolling stock plan can change due
to track maintenance, special events, or other system updates. Planned duties might
consequently be modified long after publication but before the actual day of operation.
Employees therefore receive limited certainty that the detailed duty initially associated
with a roster will remain unchanged. Frequent modifications can interfere with personal
plans and ultimately cause the realized distribution of work to deviate from the intended
crew-base balance.



Chapter 2. Problem overview 7

Figure 2.2: Location of the 28 NS crew bases across the Dutch railway network. The operated
tracks are indicated by black lines. Each crew base is indicated by a small gray circle.

To address the outlined challenges, NS is considering a future planning process that sep-
arates early capacity commitments from detailed task allocation. The difference between
the current and future processes is illustrated in which is based on [van Rossum
(2025). In the current process, generic duties are constructed first and later assigned
through cyclic rosters. In the future process, the tactical phase determines template-
based individual rosters instead of fully detailed duties. A template specifies a day and
a time window during which a crew member can be assigned work, without fixing the
exact tasks in advance. A typical template spans about nine hours, while the duty later
placed inside it may last about eight hours. This allows a single template to accommo-
date multiple feasible duties. That provides additional flexibility and enables duties to
be constructed closer to the day of operation using more accurate information. At the
same time, the template gives the employee reliable advance information regarding the
time period in which the shift will occur.

The hierarchical relationship between rosters, templates, duties, and tasks is shown in
A complete roster records the assigned work and rest days for a single crew
member over a specified period. On a particular workday, the roster contains a template,
which acts as an overarching time window. During the subsequent operational planning
phase, a concrete duty is constructed inside the allocated window. The duty in turn
consists of an ordered sequence of specific train tasks and might also contain required
activities such as a meal break. The template framework therefore reserves employee
capacity without determining the exact work content.
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Figure 2.3: Comparison of the current (left) and future (right) crew planning processes. Crew
planning decisions are indicated by white rectangles, inputs by shaded rectangles. The dashed
box around the operational duties highlights the area investigated in this thesis.
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Figure 2.4: Example of a three week roster for a crew member based in Utrecht (Ut) showing
assignments for each day of the week. The solid upper grey blocks represent specific duties.
The dashed block around a duty represents the template. The absence of blocks signifies a rest
day. The duty on Wednesday in week three is highlighted and expanded to show its internal
structure. The grey blocks represent individual tasks in that zoomed view. For each task the
start station is indicated on the top left and the end station on the top right. Other station
abbreviations include Amersfoort (Amf), Amsterdam (Asd), and Groningen (Gn). The star
marks a scheduled meal break. The time line below the task sequence is aligned exactly with
the template time window.
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Recent work compares an integrated approach that constructs duties for specific crew
members with a sequential benchmark in which duties are first generated and assigned
afterwards (van Rossum et al., 2024). On practical NS instances, the integrated approach
attains substantially higher individual SS&S satisfaction at little additional computa-
tional cost. The larger simulation of van Rossum et al.| (2026 subsequently applies the
future process to 3,265 guards over the year 2024 and obtains high conformance for most
rules. The current process remains the production setting at NS, while the future pro-
cess is implemented in a prototype solver for research and evaluation. This thesis studies
the operational column generation procedure in that prototype and therefore adopts its
template-based rosters and individual SS&S setting.

2.2 Operational problem setting

The present thesis focuses on the operational phase marked by the dashed box in
lure 2.3] At the operational stage, each crew member already has a template-based roster.
The train tasks for the day follow directly from the timetable and rolling stock plan. The
goal of the resulting operational planning problem is to transform the template-based
rosters into actual rosters by assigning a compatible duty to each template on each day.
The resulting roster must ensure that all tasks are covered, all relevant constraints and
regulations are satisfied, and the workload is distributed fairly among crew members over
time.

Figure 2.4] summarizes the terminology. A task is an individual train trip with a start
station, an end station, and corresponding times. A duty is an ordered sequence of tasks
that forms one feasible working day. A template is a dated time window in the roster of
one crew member and acts as a placeholder for a duty. A roster records the assigned work
and rest days of that crew member over the planning period.

Two types of feasibility determine whether a duty can be assigned to a template.
First, the duty itself must satisfy the operational rules that define a feasible working day.
Second, the duty must be compatible with the template to which it is assigned.

Duty feasibility is governed by strict operational rules. Consecutive tasks must connect
logically in both location and time. Each regular duty must start and end at the same
crew base, respect a maximum duration, and include a suitably positioned meal break.
These requirements ensure that a feasible duty cannot be formed by combining arbitrary
tasks.

The template-based rosters are constructed in advance to provide a feasible capacity
pattern. Their time windows are arranged such that duties fitting the available templates
can be combined without violating the roster structure. In the setting studied here, the
relevant link between a daily duty and the roster is therefore template compatibility. The
duty must lie within the time window reserved by the template. Rules that determine
the sequence of workdays and rest days are handled when the template-based roster is
created. They are not modeled again in the daily problem. The operational problem
determines the work content inside the available templates rather than redesigning the
roster itself.

In addition to feasibility, the distribution of work across crew members is governed by
SS&S rules. Each rule is defined by an attribute, a target score, and an evaluation period.
Attributes capture sweet or sour characteristics of work. Scores can be computed in
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different ways. Time-averaged attributes measure the fraction of working time associated
with a characteristic, duty-averaged attributes are obtained by averaging over duties, and
cumulative attributes track occurrences over time. The resulting score is constrained by a
lower bound for sweet attributes or an upper bound for sour attributes. In this setting,
the following six attributes are considered.

o Type-A work (sweet, time-averaged): work on preferred services such as intercity
trains.

o Aggression (sour, time-averaged): work with elevated risk of passenger aggression.
This attribute applies to guards only.

e Double-decker work (sour, time-averaged): physically demanding work on double-
decker trains. This attribute applies to guards only.

e Duty length (sour, duty-averaged): preference for shorter working days.
e Repetition (sour, cumulative): frequency of traversing the same track segments.

o Track variation (sweet, cumulative): diversity of covered track segments relative to
those accessible from a crew base.

In practice, these rules are not enforced daily, as doing so would be too restrictive. In-
stead, fairness is evaluated over a longer planning period and becomes a dynamic aspect
of the planning problem, since the fairness state of a crew member depends on previous
assignments. Most rules are evaluated over the last 45 duties of a crew member, while
other attributes use different evaluation horizons. For example, average duty length is
assessed over a shorter window, and track variation is evaluated using both a 45-duty
rolling window and a yearly rolling window (van Rossum et al., 2026]). Consequently, a
single duty can temporarily move a fairness score in an unfavorable direction, provided
that later assignments restore the long-term balance. This dependence on historical as-
signments motivates the rolling-horizon procedure described next.

2.3 Rolling-horizon planning and feedback

The operational planning process proceeds strictly one day at a time. For each individual
day t, the available templates, the train tasks that must be covered, and the accumulated
work histories of the crew members serve as the primary inputs. A daily mathematical
optimization problem assigns a specific duty to every active template. The assignment de-
cisions are then permanently fixed, the corresponding work is added to the crew histories,
and the algorithmic procedure advances to day ¢t + 1. The continuously updated histories
therefore directly influence the structure of the next daily problem. This rolling-horizon
approach is essential because fairness depends on accumulated work history, causing the
final balance between crew members to emerge gradually over time.

The penalty-based feedback mechanism of van Rossum et al. (2024)) connects these
daily problems. For an SS&S attribute a, the penalty of assigning a piece of work with
attribute score u to a crew member with history score s is defined in [Equation 2.1]
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fa(u, ) = ga(u) X hq(s) (2.1)

The function g, measures how strongly the new work contributes to attribute a. The
function h, measures the current fairness state of the crew member based on their history
corresponding to attribute a. For a sour attribute, h,(s) increases whenever the individual
history score approaches or exceeds the designated maximum target. Assigning additional
undesirable work with a large value of g,(u) consequently incurs a high assignment penalty.
For a sweet attribute, the scoring direction is mathematically inverted so that assigning
work that helps a crew member reach the required minimum target is actively favored. As
a result, the same duty may have different costs for different crew members, even when
the assigned task sequence is identical.

The dynamic interaction creates a closed feedback loop. The duties assigned on day ¢
update the historical attribute scores of the crew members, which in turn determine the
assignment penalties for day ¢ + 1. Through this rolling mechanism, the daily optimizer
gradually steers individual scores toward their corresponding targets without requiring
the entire planning horizon to be formulated as a single large-scale mathematical model.
This approach is particularly relevant in the guard setting, because they are evaluated
on a richer set of attributes. This case is used throughout this thesis, including the
experiments.

2.4 Mathematical formulation

The daily optimization model follows van Rossum et al.| (2024) and |[van Rossum et al.
(2026)). Let t denote the day being planned. Let K, be the set of tasks that must be
covered on day t, and let R; be the set of active crew members with a template on that
day. For each crew member r € R,, the set AL contains the feasible duties that fit the
template of r on day ¢ and satisfy all duty rules.

For every duty d € Al, let ¢, denote the penalty cost of assigning that duty to crew
member r on day t. This coefficient aggregates the contribution of the duty across all
SS&S attributes and incorporates the crew member’s historical scores for these attributes
through the feedback mechanism in . Let al, equal 1 if duty d covers task
k € K;, and 0 otherwise. The binary variable 2, equals 1 when duty ¢ is assigned to crew
member r on day t.

The daily planning problem can then be formulated as

min Z Z A, (2.2)

reR fe AL,

st > ahad, >1 Vk € K, (2.3)
rE€R S€ AL
> al =1 Vr € R, (2.4)
dEAL
z?, € {0,1} Vr € Ry, Vo € Al (2.5)

The objective in (2.2)) minimizes the assignment penalties on day ¢. It therefore favors
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duties that fit the current fairness needs of the crew members. Constraint requires
every task to be covered at least once. Constraint assigns exactly one duty to each
active crew member, and defines the binary decision variables. High-cost excess
duties can be added when the regular templates do not provide enough capacity to cover
all tasks. The formulation represents a set-covering model for task coverage combined
with assignment constraints that enforce one duty per active crew member.

The selected duties form the plan for day ¢. After these assignments are fixed, their
task content is used to update the SS&S history scores of the corresponding crew members.
The next daily problem then receives the tasks and templates for day ¢+ 1, together with
these updated history scores.

2.5 Solution approach

Even for one planning day, the number of feasible duties is too large to enumerate. Each
duty is a feasible sequence drawn from many possible task combinations. The daily model
— is therefore solved with the column generation heuristic of [van Rossum et al.
(2024). A concise background on linear programming duality, reduced costs, and the
generic column generation principle is provided in [Appendix Al

The method starts from a restricted master problem (RMP), which contains only a
limited subset of duty variables. The binary restrictions in are relaxed to 2%, > 0,
which yields a linear programming relaxation. Solving this RMP yields dual information
for both the task-cover and the assignment constraints. Let Ay be the dual value of
and 7, the dual value of (2.4). The reduced cost of a candidate duty variable 29, can be

seen in |[Equation 2.6

&y =y — Z Nk = Tt (2.6)

A negative reduced cost indicates that adding the corresponding duty can improve the
current linear relaxation.

Pricing searches for duties with negative reduced cost. For each template, the com-
patible tasks form a directed task network. A path through this network represents an
ordered sequence of tasks and therefore a possible duty. Resources along the path main-
tain the accumulated state of the partial duty, tracking characteristics such as total duty
duration, time without a break, and the presence of a valid meal break. These resources
impose feasibility constraints, allowing pricing to be formulated as a resource-constrained
shortest path problem. The shortest-path objective incorporates both the dual rewards
for covering tasks and the history-dependent assignment penalties.

The pricing problems return candidate duties, but not all candidates are inserted
into the restricted master problem. The existing baseline selects duties that are ade-
quately task-disjoint, which limits the number of overlapping columns. The methodology
presented in the present thesis studies alternative selection mechanisms at the point of
insertion, either replacing or functioning alongside the task-disjoint rule.

The root node refers to the first linear relaxation solved before any duty variable
has been fixed. At the root node, column generation iteratively improves the restricted
master problem by adding duties with negative reduced cost. This process continues until



Chapter 2. Problem overview 13

no improving duties are found or the early stopping criterion is triggered. The early
stopping rule terminates the current column generation phase when the relative objective
improvement remains below a configured threshold, avoiding excessive computation time
spent on marginal improvements near convergence. After this phase, diving is applied to
obtain an integer solution. During diving, fixed variables reduce the problem size, and
column generation is performed again whenever the reduced restricted master problem is
re-solved.

The solution approach relies on several heuristics. Pricing uses a heuristic labeling
method, column insertion restricts the candidate set, early stopping limits the amount of
column generation performed in each phase, and diving makes irreversible fixing decisions.
These heuristic choices are necessary to keep computation times practical on the massive
NS instances, but they remove any optimality guarantee and can leave a small number of
tasks uncovered.

summarizes the daily procedure. Lines 5-7 mark the part studied in this
thesis. Pricing produces negative reduced-cost candidates, after which the configured
selection mechanism determines which duties enter the restricted master problem. All
other components of the algorithm remain unchanged. The history-dependent costs ¢,
incorporate the feedback mechanism throughout pricing and master optimization. This
is how the column generation procedure steers the daily assignment toward fairness over
time.

Algorithm 1 Daily column generation heuristic in the integrated approach

Require: Day t, task set K;, active crew set Ry, feasible duty spaces Al parameters e
(early stop), 7 (diving threshold)
Ensure: Integer duty assignment for day ¢
1: Initialize RMP with empty-duty columns for each active crew member (each empty
duty belongs to that crew member’s feasible duty set), ensuring initial feasibility
2: repeat
3 Solve linear program relaxation of current RMP and obtain dual values (A, )
4 Solve pricing problems (RCSPPs) for relevant template-employee contexts
5: Collect candidate duties with negative reduced cost
6 Select only sufficiently task-disjoint duties
7 Add selected duties to RMP
8 Apply column management and remove stale columns with consistently poor
reduced cost
9: until no improving duties are found or relative objective decrease is below € in con-
secutive iterations
10: while current RMP solution is fractional do

11: Fix all duty variables with value at least 7

12: if no variable satisfies the threshold then

13: Fix the variable with highest fractional value
14: end if

15: Re-solve reduced RMP with column generation

16: end while
17: return resulting integer assignment for day ¢
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All parameter settings for the feedback mechanism and the column generation heuristic
are adopted from the existing NS implementation. These values were calibrated for the
NS setting and are therefore kept fixed throughout this study. This ensures that the
experiments isolate the effect of the column-selection mechanisms rather than changes in
other algorithmic components.



Chapter 3

Literature review

This chapter positions the thesis within the broader literature on railway crew planning,
fairness-oriented optimization, and machine learning for combinatorial optimization. The
aim is not to restate the problem, but to clarify how it relates to prior work and where
the current research fits. The proposed contribution of this thesis lies within an already
established solution framework, namely the column generation procedure used in railway
crew planning. For that reason, the literature is discussed from the same angle. The chap-

ter first discusses decomposition and integration in crew planning (Section 3.1)), followed
by fairness and attractiveness in crew planning (Section 3.2). Then reviews
machine learning approaches that support optimization algorithms, with particular em-
phasis on column generation. Finally, summarizes the research gap addressed
by this thesis.

3.1 Decomposition and integration in crew planning

Crew planning problems are commonly decomposed into multiple planning stages. In
their survey of personnel scheduling, |Ernst et al. (2004 describe how scheduling and
rostering problems arise across a wide range of industries and explain that decomposition
is often necessary to keep optimization models computationally tractable. Railway crew
planning follows the same principle. The most common decomposition separates crew
scheduling from crew rostering. Crew scheduling constructs feasible duties that cover all
timetable tasks, whereas crew rostering assigns these duties to individual crew members
or crew groups over a planning horizon.

The separation between scheduling and rostering has long been standard practice in
railway crew planning. Early studies already distinguished duty construction from roster
construction (Caprara et al., [1997). More recent surveys confirm that this remains the
dominant planning framework for large-scale railway systems (Abbink et al., |2018; Heil
et al.,2019)). The primary motivation is computational. Considering all planning decisions
simultaneously quickly leads to optimization models that become prohibitively large. By
decomposing the problem, duty feasibility, crew assignment, and longer-term planning
requirements can each be addressed in dedicated planning stages.

While decomposition improves tractability, it also masks important interactions be-
tween planning stages. A duty that is inexpensive from a scheduling perspective may be
difficult to incorporate into a roster. Conversely, a slightly more expensive duty may ulti-

15
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mately produce a more balanced and efficient roster. Integrated planning models seek to
capture these dependencies directly. An early example is provided by [Ernst et al. (2001)),
who develop an integrated train crew management model that simultaneously performs
crew scheduling and rostering while supporting both cyclic and non-cyclic rosters. Their
work demonstrates the conceptual advantages of joint optimization but also highlights
the computational challenges of solving integrated models at realistic scales.

As a result, much of the subsequent literature has focused on partial integration
rather than fully integrated formulations. For example, Mesquita et al. (2013) study
an integrated vehicle, crew, and roster problem with days-off patterns. They use a
Benders-decomposition-based heuristic that alternates between daily integrated vehicle-
crew scheduling problems and a rostering problem over the planning horizon. [Weider
et al. (2015)) integrate duty scheduling and rostering with the aim of improving driver sat-
isfaction. In a railway re-planning setting, Breugem et al.| (2021)) use column generation
for an integrated problem in which crew duties and recovery decisions interact. These
studies point to the same conclusion. Integration can improve planning quality, but only
when the solver design controls the additional computational effort.

The recent NS line of work follows this idea of partial integration, but in a differ-
ent operational setting. Earlier NS studies focus mainly on the construction of duties
from timetable tasks on a large scale, while assignment and rostering are handled in
later planning steps (Abbink et al., 2005, 2011). An extension of this setting assumes
that template-based rosters are already available (van Rossum et al., 2024). The opera-
tional model then generates duties and assigns them to individual crew members at the
same time. This integrates duty generation with crew-specific assignment decisions, while
tactical capacity planning remains outside the operational model. Large-scale simulation
shows that this architecture can be used in realistic NS planning experiments (van Rossum
et al.;[2026). This partially integrated operational architecture forms the planning context
for this thesis.

3.2 Fairness, attractiveness, and fairness over time

Fairness in mathematical optimization lacks a single universal definition. Depending on
the application, it might require an equal allocation of resources among broad demographic
groups, or it might ensure that specific individuals receive a minimum guaranteed level
of service. Within mathematical models, these requirements can be formalized in various
ways. They can be enforced strictly as constraints, optimized as primary objectives,
or simply evaluated as post-solution performance measures. Karsu and Morton! (2015))
review these fairness concepts in optimization and show that different formulations can
lead to fundamentally different trade-offs. (Chen and Hooker| (2023) discuss how such
concepts can be practically translated into mathematical models. In the specific context
of personnel planning, fairness is closely intertwined with the attractiveness of schedules,
as both directly impact how employees experience their resulting work plans (Wolbeck,
2019).

In crew planning, attractiveness refers to the absolute quality of duties or rosters from
the employee’s perspective. Examples of attractiveness criteria include the amount of
weekend work, the number of early or late duties, the length of shifts, and the frequency
of less desirable tasks. Fairness, on the other hand, concerns the relative distribution of
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this attractive and unattractive work across employees or groups. While often conflated,
they measure distinct aspects of a schedule. A set of rosters can be perfectly fair if
undesirable duties are distributed evenly. However, if the scheduling process results in all
employees receiving an excessive number of those undesirable duties, the rosters remain
highly unattractive.

Breugem et al.|(2022)) study this interaction in an integrated crew rostering setting with
both fairness and attractiveness requirements. Their results show that strictly improving
equality in the distribution of work can actually reduce overall roster attractiveness. The
subsequent work of [Breugem et al.| (2023)) develops heuristic methods for realistic crew
rostering instances and confirms that this trade-off remains relevant when practical, real-
world constraints are included. These studies highlight that fairness cannot be evaluated
purely as an abstract distributional property. The underlying duties and rosters must
independently remain acceptable to the employees.

At NS, fairness in crew planning has historically been formalized through Sharing-
Sweet-and-Sour rules. Initially, these rules were designed to balance attractive and
unattractive work between different crew bases |Abbink et al. (2005). However, recent
work at NS has shifted the focus from fairness between bases to fairness between indi-
viduals over time (van Rossum et al., 2024). This shift aligns with the broader academic
concept of dynamic fairness. Lodi et al.| (2022)) and Lodi et al.| (2023) show that enforcing
strict fairness in every single scheduling period can be overly restrictive, whereas leverag-
ing historical assignment data allows for more realistic and flexible allocation decisions.
Application-oriented work further confirms that this perspective is crucial in practical
routing and assignment problems (van Rossum et al., 2023)).

The NS integrated operational model incorporates that longitudinal perspective by
steering individual SS&S compliance over a work history. Because of this, the attrac-
tiveness of a duty is not determined solely by its internal tasks or its position within an
overall roster. A duty can also become more or less desirable depending on the past work
assigned to the crew member for whom that duty is considered. This historical tracking
makes fairness dependent on assignment decisions made across multiple days. Ultimately,
it explicitly connects fairness and attractiveness at NS. The organization achieves long-
term fairness precisely by continuously balancing the attractiveness of duties within a
roster against the accumulated work history of each individual.

3.3 Column generation and machine-learning-based
assistance

Column generation serves as a standard approach for large-scale optimization problems
where the number of possible choices is simply too large to handle directly. In such cases,
generating and listing every potential decision beforehand requires excessive computer
memory and time. This structure occurs frequently in crew scheduling and routing, where
variables often represent feasible duties, pairings, or routes. The method is described
in detail in the column generation handbook of Desaulniers et al.| (2005). Additionally,
Desrosiers and Liibbecke| (2006 discuss the method from both a modeling and algorithmic
perspective. |Lubbecke and Desrosiers (2005) focus on practical implementation issues that
arise when column generation is applied in large-scale real-world applications.
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In railway crew planning, column generation is well established. Huisman| (2007) use
column generation for railway crew rescheduling, where duties must be adjusted after
sudden disruptions. Potthoff et al.| (2010) also apply column generation to railway crew
rescheduling and show how the method can support real-time recovery decisions. The
cited studies illustrate why column generation is particularly useful in rail applications.
Generating the full set of possible duties upfront is far too large a task to handle directly.
Instead, a dedicated subproblem known as pricing can search dynamically for only those
promising duties that are actually needed to improve the current schedule.

For the present thesis, the important distinction lies between the restricted master
problem and the pricing problem. The RMP is the main scheduling model solved over
the limited subset of columns that are currently available. The pricing problem then
searches for additional duties that might improve the linear relaxation of the RMP. The
linear relaxation is a simplified version of the mathematical model where strict integer
requirements are temporarily dropped. Dropping integer requirements allows decision
variables to take fractional values, providing a fast way to evaluate the potential quality
of new columns. In the NS setting, the master problem takes the form of a set-covering
model with assignment constraints. Recent integrated crew planning studies apply the
same general column generation structure in operational settings that are much richer
than traditional static planning models. The settings are richer because duty generation
is no longer handled in isolation. The generation phase is instead tightly combined with
assignment rules and dynamic fairness considerations (Breugem et al., [2021} van Rossum
et al., 2024).

The repeated interaction between pricing and the RMP creates a natural place for
machine learning. Pricing can generate many candidate columns, but adding all of those
generated columns simultaneously can make the RMP exceptionally large and slow to
re-optimize. The issue is not only the number of columns. In set-covering and set-
partitioning models, many different columns often cover very similar parts of the schedul-
ing problem. The linear relaxation of the RMP can therefore have several nearly equiv-
alent fractional representations of the same mathematical solution. Such degeneracy can
severely slow down algorithmic convergence and can make the dual values passed back
to the pricing problem highly unstable. For railway crew scheduling formulated as a
set-covering problem, [Muroi et al. (2010]) report exactly that type of slow convergence.
Elhallaoui et al. (2005)) study related degeneracy issues in set-partitioning formulations.
In the NS setting, van Rossum et al.| (2024)) observe that repeatedly solving the RMP
accounts for a large share of runtime.

Machine learning is increasingly deployed to support decisions inside optimization al-
gorithms rather than to replace the algorithms completely. Bengio et al. (2018) describe
that approach as machine learning alongside optimization algorithms. Their survey ex-
plains how learned models can assist repeated algorithmic decisions such as branching,
heuristic selection, or other choices that are important but computationally expensive to
make exactly. Furthermore, Cappart et al.| (2022) review graph learning methods for com-
binatorial optimization and emphasize that many optimization problems have a natural
graph representation through variables, constraints, and their interactions.

Within column generation, machine learning has been successfully applied to assist
different parts of the algorithm. Kraul et al. (2023 and [Shen et al. (2024) use learning
models to predict dual information for stabilization purposes, with the aim of making both
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pricing and convergence more stable. Other studies formulate column selection directly as
a sequential decision problem. (Chi et al. (2023)) and [Yuan et al.| (2024]) use reinforcement
learning to choose columns during successive iterations. Using reinforcement learning
directly reflects the fact that selecting specific columns in one iteration influences the
shape and complexity of later restricted master problems.

The work most closely related to the present thesis is presented by Morabit et al.
(2021)). The authors study machine-learning-based column selection for column genera-
tion. The approach keeps the traditional column generation loop entirely intact. During
the process, the pricing algorithm first generates candidate columns. An expensive one-
step look-ahead expert then identifies a specific subset of columns that is mathematically
expected to improve the subsequent RMP. A supervised learning model is trained to mimic
the decisions of the expert, so that the computationally heavy expert can be replaced by
a much faster prediction model during later runs. The research evaluates the proposed
idea on an integrated vehicle and crew scheduling problem and on a vehicle routing prob-
lem with time windows. The results show that learned column selection can significantly
reduce the time spent re-optimizing the RMP while preserving overall solution quality.

3.4 Research gap and contribution

The research gap addressed in the present thesis is how to transfer the machine-learning-
based column-selection approach of Morabit et al.| (2021)) to the complex and dynamic crew
planning setting at NS. The study by Morabit et al.| (2021)) demonstrates that a learned
selector can imitate a mathematical expert selector in controlled column generation case
studies. While those foundational case studies yield promising results, the operational NS
setting differs from the literature in three fundamental ways that make transferring the
column-selection approach nontrivial.

The first difference concerns the structure of the master problem. The case stud-
ies evaluated by Morabit et al| (2021) rely on set-partitioning formulations. In a set-
partitioning model, every task must be covered exactly once. Two columns that share a
task are mutually exclusive in an integer solution, which also restricts their fractional use
during the linear relaxation. Selecting a small subset of relevant columns in such an envi-
ronment can eliminate many overlapping alternatives. The NS operational model instead
utilizes a set-covering formulation with complex assignment constraints. A set-covering
model requires tasks to be covered at least once, meaning that over-coverage is mathe-
matically permitted. Overlapping columns are not mutually exclusive. Because column
generation operates on the linear relaxation, multiple overlapping duties can easily be se-
lected together in the NS model. Although column selection can still control the physical
growth of the restricted master problem, overlapping coverage patterns and algorithmic
degeneracy remain part of the problem structure.

The second difference relates to the operational context and the generation of candi-
date columns. In the case studies of Morabit et al.| (2021)), duties are generated within a
single global pool, meaning the resulting columns are not linked to specific individuals.
The quality of a column in that setting is driven by the immediate cost of the covered
tasks. By contrast, the NS pricing problem is solved separately for each individual roster
template due to the rolling horizon feedback mechanism. Candidate duties are therefore
generated within template-specific pools. Generating duties per template is necessary
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because the usefulness of a duty extends beyond the tasks assigned on a single day. While
column selection is ultimately performed on a combined pool of all generated duties, the
composition of that final pool differs from the literature. A column in the NS setting might
derive value from efficient task coverage, from fitting a predetermined roster template, or
from improving the long-term fairness balance of a specific employee. Those multiple fac-
tors make column usefulness more context dependent than in theoretical settings where
columns remain detached from individual crew histories.

The third difference involves the computational role of the expert selector and the
criteria for algorithmic termination. In the research conducted by Morabit et al.| (2021)),
the column generation loop stops automatically because the algorithm reaches an optimal
solution at the root node. The root node represents the first linear relaxation in the
solution process before any duty variable has been fixed. Within the context of this
thesis, the algorithm lacks that optimal stop point at the root node due to computational
time limits. Lacking an optimal stop point represents the main computational difference.
The full crew planning procedure must instead comply with an early stop mechanism and
subsequent heuristic diving techniques. An expert selector must therefore prove robust
when forced to operate alongside such an early stop mechanism.

The core contribution of the present thesis addresses the outlined differences through
a two-part investigation. The first part investigates whether the mixed-integer linear pro-
gramming (MILP) expert selector proposed by [Morabit et al.| (2021)) can be formulated
and applied within the more complex NS setting. The investigation evaluates whether the
formulated MILP expert can select a minimal subset of generated columns and achieve
runtime improvements while preserving overall solution quality. Building upon a success-
ful expert formulation, the second part investigates whether machine learning techniques
can imitate the expert selector within the dynamic NS environment. The ultimate aim
is to determine whether a learned prediction model can support the column generation
process by reducing computational runtime without compromising the quality of the final
solution.
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Methodology

This chapter presents the methodology used to develop and evaluate expert-guided and
learned column-selection rules. The starting point is the column generation procedure
introduced in [Chapter 2 Its pricing step can generate many duty columns with negative
reduced cost, especially because the NS pricing problem is solved separately for each
template. Adding all generated columns to the restricted master problem would increase
the effort required for repeated re-optimization. A selection step is therefore used to
determine which candidates are inserted.

formulates this decision through an expert mixed-integer linear program
(MILP). then explains the column generation trajectories that motivate the
alternative selection configurations in [Section 4.3 [Section 4.4| describes the represen-
tation and features used for supervised learning. The learning models are introduced

in [Section 4.5, Finally, presents the experimental controls, data collection

procedure, evaluation modes, and parameter settings.

4.1 Expert MILP for column selection

Column selection can be formulated as a supervised classification problem (Morabit et al.,
2021)). At each iteration of column generation, candidate columns are labeled as either
selected or not selected. However, these labels are not directly observable from the pricing
step. A column does not have an intrinsic notion of quality, and within the column
generation process its usefulness is defined only relative to the current restricted master
problem, the other candidates, and the constraints they jointly satisfy. An expert MILP
provides a principled way to construct these labels. The idea is to temporarily replace the
RMP with an enriched optimization problem that considers both the current columns and
the newly generated ones. The resulting model identifies a subset of generated columns
that achieves a strong improvement in the objective while keeping the number of selected
columns small. This is enforced through a selection penalty. illustrates how the
MILP-based selection procedure is incorporated into the column generation framework.
The solid path represents the initial expert selection. The dashed path represents the
optional stabilization procedure proposed by Morabit et al.| (2021)). After the initial
subset has been inserted, the RMP is re-optimized and the remaining candidates are
reconsidered under the updated dual values. The selection configurations in
specify how this additional path is adapted to the NS setting.

21
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Figure 4.1: Overview of the basic column generation algorithm with the addition of the MILP
for column selection. The primary loop is indicated by the solid lines and utilizes the MILP to
filter an initial subset of promising columns. The secondary stabilization mechanism is indicated
by dashed lines and shaded blocks. It processes the remaining unselected columns through the
RMP to compile the final combined subset.

Beyond its use for generating labels, the expert MILP can also be executed directly as
a selection strategy. In this setting, it controls the growth of the RMP column pool
and yields high-quality decisions obtained by solving an optimization problem at each
iteration. This provides a strong reference for attainable performance under optimization-
driven selection. The drawback is that the MILP must be solved at every relevant column
generation iteration, which adds substantial computational effort. In an offline setting, the
same procedure is used to generate training labels for supervised learning. A prediction
model is then trained to imitate the expert’s selection behavior. After labeling, the
standard column generation procedure proceeds unchanged.

When this idea is transferred to the NS setting, the expert is built on top of the daily
planning problem defined in The set of tasks on day ¢ remains K3, the set of
active crew members remains R;, and the set of feasible duties for crew member r remains
At. The binary parameter a’, still equals 1 when duty & covers task k and 0 otherwise,
and ¢, still denotes the assignment cost of duty ¢ for crew member r on day ¢. The only
difference is that the expert is evaluated on a finite set of duty columns that are actually
present in the current column generation iteration, rather than on the full duty sets AL.

To make this concrete, consider a single column generation iteration ¢. Let CNJK denote
the raw set of candidate duty columns returned by pricing. The task-disjoint rule normally
reduces this set to the candidate pool Gy C G, that is presented to the configured selector.
If the task-disjoint filter is disabled, G; = G,. The set ), collects all duty columns that
are already in the RMP at the start of iteration ¢. The columns available to the expert
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are combined into the union P, = Q, U G,.

Over this enlarged column set, the linear relaxation of the daily model is the same
RMP solved in the current column generation and includes three additions. The first
addition is a continuous variable 62, > 0 for each (r,d) € P, which plays the role of the
relaxed daily decision variable 2, on the columns that are actually present. The second
addition is a binary variable y°, € {0, 1} for each candidate (r,5) € G, which indicates
whether the expert selects that candidate. Columns in €2, are not associated with such
a binary variable because they are already part of the RMP. Alongside these variables, a
small parameter € > 0 is included in the objective. It penalizes the number of selected
candidates and pushes the expert toward small selected sets when several subsets achieve
the same primary objective value.

The expert MILP is then given by:

min Z by + e Z Yot (4.1)

(T,J)EP[ (T‘,(S)GG(

st Y ap 6, >1 Vk € K, (4.2)
(T,(;)EPZ

>0 =1 Vr € R, (4.3)

6:(r0)EP,
0°, <, Y(r,8) € Gy (4.4)
0%, >0 V(r,6) € P,
v € {0,1} V(r,8) € Gy

Constraints and correspond to the standard task coverage and assignment
requirements of the daily model. They are now enforced only over the columns in F;.
Constraint links the continuous and binary variables associated with the candidate
columns. If 9, = 0, it forces 6%, = 0. This removes the candidate from contributing to
the solution. If y°, = 1, the candidate may participate in the RMP solution and behaves
like any other column already included in the RMP. Constraints and state the
variable domains. The objective (4.1]) consists of the same assignment-penalty sum as
before, together with the expert-selection penalty. A candidate is therefore selected only
when the resulting decrease in the assignment-penalty sum justifies the additional small
per-candidate cost .

Solving (4.1))—(4.6)) yields the selected subset of candidate columns as defined in

Gy ={(r,0) e Ge |y, =1} (4.7)

This is the set of candidate columns that the expert recommends to insert in iteration £.
For data collection, the corresponding binary values are recorded as target labels for the
supervised learning models.
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4.2 Column generation trajectories

Before specifying the selection configurations, it is useful to understand how column gen-
eration develops over a full planning day. The procedure in first performs
column generation at the root node. It then enters the diving phase, where duty variables
are gradually fixed to integer values. Fixing a variable tightens the feasible region and
can increase the objective of the linear relaxation. A new column generation segment is
subsequently used to reduce the objective under these tighter conditions. Repeating these
fixing and re-optimization steps produces a trajectory consisting of several segments, each
corresponding to a node in the search process induced by diving, and continues until an
integer solution is obtained.

illustrates this structure for the task-disjoint baseline and the expert MILP.
The baseline is the current NS selector introduced in [Section 2.5 It greedily retains
negative-reduced-cost columns that are sufficiently disjoint in their task coverage. Its
relatively broad selection is expected to reduce the objective quickly within each segment,
although the RMP can grow substantially. The expert MILP instead retains a much
smaller subset.

—— Baseline
Expert MILP

Objective value

Tteration number

Figure 4.2: Schematic illustration of column generation trajectories for the baseline and expert
MILP selection strategies over a single planning day. Axis values are indicative only. The dashed
vertical lines mark the transitions between column generation segments induced by the diving
phase.

The smaller selection of the MILP explains two characteristics of the expert trajectory.
First, candidates that are not part of the minimal expert selection are discarded even when
they may remain attractive after re-optimization. Similar columns can then be generated
again and removed in a later iteration. The dual information may consequently change
only marginally and this creates a cycle in which similar columns repeatedly move between
pricing and selection. As a result, the algorithm struggles to make further progress, which
leads to the stalling behavior reported by Morabit et al| (2021). Second, the smaller
RMP provides fewer alternatives after variables have been fixed. The expert trajectory
may therefore show a larger objective increase at a diving step and a slower subsequent
recovery. The axes in[Figure 4.2)contain no measured values, so these trajectories illustrate
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the expected mechanisms. These convergence limitations motivate the introduction of
supplementary selection mechanisms in [Section 4.3

The qualitative differences described above unfold within a full-day trajectory that is
inherently path-dependent. In particular, the early termination rule and the diving rule
depend both on the fractional solution available when these rules are performed. As a
consequence, even small differences in the columns selected earlier can leave two strategies
at different fractional solutions and steer them along different diving paths. The trajectory
after each spike is therefore influenced by the preceding sequence of decisions. A complete
planning day consequently contains variability that cannot be attributed solely to the
column-selection rule. To separate these effects, the experiments defined later in this
chapter consider both the full procedure and a root-node setting, where column selection
is evaluated prior to any diving. Because the root node can be seen as the first linear
relaxation of the day, this setting provides a more controlled environment for isolating
the effect of the selection strategy.

In addition, hybrid variants are considered in which an alternative selector, either the
expert MILP or the supervised learning model, is used only at the root node and the
procedure then switches back to the baseline selector after the first dive. These variants
help separate the value of root-node selection from the behavior of a selector deeper in
the daily procedure.

4.3 Selection configurations

To mitigate the stalling behavior of the expert MILP, supplementary mechanisms are
introduced to stabilize column selection and improve convergence. Four configurations
are compared in this study. The first corresponds to the current NS loop, where the task-
disjoint rule determines which generated candidates are inserted. The other three pass
the output of that rule to the expert MILP and differ in the safety mechanism associated
with the expert. The four variants are summarized below and explained in more detail
immediately afterwards.

e Baseline: representing the existing NS loop in which the task-disjoint heuristic is
the only selection step.

e MILP-GN (global net): in which the expert MILP is followed by Morabit et al.
(2021)) re-optimization procedure combined with a global reduced-cost safety net.

e MILP-TN (template net): in which the expert MILP is followed by the same re-
optimization procedure but with a template-specific safety net.

e MILP-TC (template constraint): in which the per-template coverage mechanism is
incorporated directly into the expert MILP.

The baseline configuration serves as a reference point. It uses the task-disjoint selection
heuristic introduced in , following |Breugem et al.| (2021). Generated columns
with negative reduced cost are first sorted by reduced cost, and the column with the most
negative reduced cost is selected first. The remaining columns from the same pricing out-
put are then considered in increasing order and are added only when they are sufficiently
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disjoint from the columns retained earlier in that selection step. This is measured by a
similarity score. For two columns x; and w9, the similarity is defined as the number of
tasks covered by both columns divided by the number of tasks covered by x;. A high
similarity score indicates that most tasks of the candidate column x; are already covered
by w9, and therefore that the candidate adds limited additional diversity. In the current
NS setup, a column is accepted only if its similarity with every previously retained column
from that pricing output remains below a fixed threshold of 0.8. A similarity of 0.8 or
higher therefore causes the candidate to be rejected.

The heuristic is a greedy reduction rule rather than an optimization of the combined
effect of the selected columns. It removes many highly redundant candidates and promotes
diversity in task coverage, but it can still pass a large number of columns to the RMP.
The baseline therefore reduces pool growth without eliminating the computational burden
caused by repeated RMP re-optimization.

In the MILP-based configurations, the task-disjoint heuristic first performs the same
selection step as in the baseline. Its retained columns form the candidate pool G, pre-
sented to the expert MILP. This is kept unchanged across all approaches and is consistent
with the use of comparable disjoint filtering in Morabit et al. (2021), where columns
are grouped into blocks of mutually disjoint elements to promote diversity within the
candidate pool. As discussed in the baseline setting, this filtering step is an established
component of the procedure that retains a substantial share of the generated candidates
while effectively reducing redundancy. This is particularly beneficial for the supervised
framework developed later in this chapter, as it reduces the number of near-duplicate
columns and thereby improves the quality of the training signal. In addition, it reduces
the size of the input used both for label generation and model training.

Although both the MILP and the supervised learning model are capable of handling
larger candidate sets, doing so would increase computational cost. The filter therefore
offers a practical compromise between maintaining a rich candidate pool and limiting the
computational effort required throughout the optimization and learning pipeline.

A potential drawback of this input reduction is that it may exclude columns that the
MILP would otherwise select. This effect is evaluated explicitly by solving the MILP both
with and without the filter and comparing the resulting selections. The extent to which
the outcomes differ is used to assess whether the reduction in input size justifies retaining
the filter in the main configurations.

The MILP-GN and MILP-TN configuration follow the two-phase insertion procedure
proposed by [Morabit et al.| (2021), represented by the dashed path in . The
expert MILP first selects G7 according to These columns are inserted to
the RMP, which is subsequently re-optimized to obtain updated dual values. Reduced
costs are then recomputed for the remaining candidates in G, \ G7. Adding a subset
of the columns that remain attractive under the updated dual values helps mitigate the
convergence stall described in [Section 4.2

The two variants differ only in how this additional subset is determined. In MILP-
GN, the procedure follows Morabit et al. (2021) directly. All candidates with strictly
negative recomputed costs are pooled, and the top 50% are added. In MILP-TN, the
selection accounts for an important structural characteristic of the NS problem discussed
in [Section 3.4l Because NS operates a heterogeneous fleet and crew members are subject
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to fairness considerations that depend on their individual assignment history, the pricing
problem is decomposed into multiple subproblems instead of a single unified one. Each
subproblem corresponds to a template, where a template corresponds to a crew member.
Applying a single global fraction may leave some templates without any selected columns,
which can result in slow convergence by effectively starving parts of the assignment struc-
ture. Combined with the minimal selection step, this leads to repeated regeneration of
similar columns that are discarded before contributing to progress. To mitigate this be-
havior, this configuration adds the column with the most negative recomputed reduced
cost from every template that still contains a candidate with negative reduced cost after
re-optimization. In this way, progress is enforced across all templates rather than focusing
only on the globally most attractive columns.

The third MILP configuration, MILP-TC, pursues the same per-template idea but
incorporates it directly into the optimization model rather than applying it afterwards.
Let T, denote the set of templates for which at least one generated candidate column
has negative reduced cost, and let G C G, denote the candidates belonging to template
7. |[Equation 4.8 shows how to enforce that at least one candidate is selected from every
template during the initial solve.

Z yp > 1 V1 e T, with G] # () (4.8)

peG]

Adding this as a constraint to the expert MILP results in (4.1))-(4.6) together with (4.8).
Since template coverage is guaranteed by construction, the second re-optimization is, in
principle, no longer required. Whether this leads to practical improvements, and how it
compares with the two safety-net variants, is assessed experimentally.

To ensure a fair comparison, all four configurations are evaluated under identical
experimental conditions.

4.4 State representation and data collection for ma-
chine learning

The objective of the machine learning component is to train a model that predicts, at every
column generation iteration, which of the newly generated candidate columns would be
selected by the expert MILP. This requires a dataset that links the state of the algorithm at
each iteration to the corresponding expert selection decisions. Constructing such a dataset
requires choosing an appropriate representation of the algorithm’s state and defining the
information that is recorded at each iteration.

4.4.1 Graph representation

Before defining the data representation, it is useful to consider the requirements that an
ideal learning algorithm should satisfy. [Morabit et al.| (2021)) identify five key requirements
that strongly influence the choice of representation.

First, the decision to select a column depends on the other columns available in the
same iteration. A duty that substantially improves the RMP on its own may become
redundant when another duty covers much of the same work. Consequently, a model
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that evaluates columns independently cannot capture these interactions. Second, the
number of candidate columns changes from one iteration to the next. This rules out
representations that require a fixed-size input vector containing all columns simultane-
ously. Third, the dual values of the RMP constraints provide valuable information about
which tasks are difficult to cover and which crew members are difficult to assign. How-
ever, both the number of constraints and the number of constraints in which a column
participates vary between instances. Encoding all dual values into a single feature vector
would therefore generalize poorly across different problem sizes. Fourth, the model should
generalize to planning instances of different sizes. At NS, the number of daily tasks, crew
members, and templates varies across planning days and across the two experimental in-
stances considered in this study. Finally, the motivation for replacing the expert MILP
is its computational cost. The learned model must therefore produce predictions within
a fraction of a second at every column generation iteration.

A bipartite graph satisfies these requirements by representing the RMP without im-
posing a fixed number of columns or constraints. At iteration ¢, one node set represents
columns and the other represents constraints. A column node is connected to a constraint
node whenever the corresponding duty participates in that constraint. This structure pro-
vides a natural way to distribute information across the two types of nodes. Constraint
features place the dual information on the relevant constraint nodes instead of requir-
ing one fixed-length vector containing every dual value. The same representation can
therefore be constructed for planning days and network instances of different sizes. Each
column is informed by the constraints it participates in, which provides a local signal of
its relevance in the current solution of the RMP. Through these connections, columns
receive information that reflects how tightly the constraints they appear in are currently
satisfied and how much flexibility remains in the system. Furthermore, the graph repre-
sentation enables all candidate columns to be evaluated in a single inference step, making
the prediction process efficient even when the number of candidate columns varies between
iterations. The representation therefore addresses the varying input size, the relational
nature of selection, the use of dual information, transfer across instance sizes, and the
need for computationally efficient inference.

4.4.2 Logged components and labels

For each column generation iteration ¢, four components are stored to represent the state
of the algorithm. The relationship between these components and their mapping to the
bipartite graph structure is visualized in [Figure 4.3

The first component is the graph topology, represented by a sparse adjacency matrix
E € {0,1}™™ where n is the total number of column nodes and m is the total number of
constraint nodes. Crucially, the n column nodes consist of two disjoint sets. These are the
newly generated candidate columns G, and the active basis columns B, from the current
RMP solution. Thus, the total number of column nodes in iteration £ is n = |G| + |By|.
The column nodes in the logged graph omit the remaining inactive columns in €, \ B,.
Although these remain available to the expert MILP, including the full column pool
would cause the graph to grow continuously as inactive columns accumulate, creating an
unnecessary computational bottleneck. The basis columns B, are included because they
provide essential context. They represent the current LP solution and indicate which
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duties are active and which columns compete for the same tasks or crew assignments.

The second component is the column feature matrix Xy € R™*? where d is the number
of column features. This matrix encodes information for all n nodes in the graph. The
third is the constraint feature matrix Xo € R™*P, where p is the number of constraint
features. Although the number of nodes n and m vary across iterations and planning days,
the feature dimensions d and p remain fixed. As a result, each instance is represented in
a consistent feature space despite differences in graph size.

Finally, the fourth component is the binary label vector y € {0,1}/%¢/, which records
the expert selection decisions for the newly generated candidates. Notice that y has
a length of |G| rather than n. The label is defined only for a candidate (r,d) € Gy,

corresponding to the value of the expert variable 32, from [Equation 4.7, Basis columns
carry no labels as they are not prediction targets. The procedure used to collect these

iteration graphs and labels is detailed in [Section 4.6.3|

p E € {0,1}mxm
G a )
l
Xy € Rxd ) 2| > Xo € RmxP
(n = |G| + | By])

\\_,l\
Ty

\

Figure 4.3: Bipartite graph representation of the recorded state at iteration ¢. The topology
is defined by the edge matrix FE, connecting n column nodes to m constraint nodes. The
column nodes comprise newly generated candidates G (solid blue) and context-providing basis
columns By (dashed gray). Constraint nodes represent either task-covering (orange) or template-
assignment (green) constraints. While feature matrices Xy and X¢ encode information for all
nodes, target labels y apply exclusively to the candidates in Gy.

4.4.3 Feature construction

The recorded state is stored in terms of column nodes and constraint nodes, each described
through fixed-length feature vectors. Column features and constraint features are defined
in|Table 4.1land [Table 4.2 respectively. Together with the labels, these features constitute
the dataset used for model training. Each column node v is represented by a feature vector
Teolw € RY. Stacking these vectors for all n column nodes yields the matrix Xy € R™*15.
Likewise, each constraint node c has a feature vector z¢on . € R, and the m vectors form
Xo € Rm*14,

The column features describe the current optimization value and the work content of
a duty. The objective coefficient represents the crew-specific assignment cost of a duty
after the feedback mechanism has been applied, while the reduced cost measures whether
the candidate can improve the current linear relaxation. For each attribute a introduced
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Table 4.1: Column node feature vector Zcq, € R'®. The score_a features encode the duty-
level SS&S contribution g, (u) for each attribute a. The is new indicator distinguishes newly
generated candidates from basis columns in B.

Feature Description

reduced_cost Reduced cost &,

objective_coefficient Assignment penalty cost cft
score_duty_length SS&S score for Duty length

score_type_a SS&S score for Type-A work
score_aggression SS&S score for Aggression
score_double_deck SS&S score for Double-decker work
score_repetition_all SS&S score for Repetition (all trains)
score_repetition_spr SS&S score for Repetition (sprinters)
score_track _variation SS&S score for Track variation (rolling window)
score_track_variation_yearly SS&S score for Track variation (yearly)
is_new 1 if generated this iteration, 0 if in basis (By)
column_degree Number of incident constraints
primal_value RMP primal value (0 if not in RMP solution)
duty_start_time Start time (seconds from midnight)
duty_end_time End time (seconds from midnight)

Table 4.2: Constraint node feature vector Zcon,c € R'*. The saturation_a features equal the
crew-specific history score s divided by the corresponding target score ¢, for each attribute a.
These features are zero on task-covering nodes. Task duration is defined only on task-covering
nodes.

Feature Description

is_task 1 for task-covering constraint, 0 otherwise
is_template_assignment 1 for template-assignment constraint, 0 otherwise
dual _value Dual value Ay (cover) or 7, (assignment)
constraint_degree Number of incident column nodes

saturation duty_length History score / target score for Duty length
saturation_type_a History score / target score for Type-A work
saturation_aggression History score / target score for Aggression
saturation_double_deck History score / target score for Double-decker work
saturation_repetition_all History score / target score for Repetition (all trains)
saturation repetition_spr History score / target score for Repetition (sprinters)
saturation_track_variation History score / target score for Track variation

(rolling window)
saturation_track.variation_yearly History score / target score for Track variation

(yearly)
task_duration Task duration for cover nodes, 0 for assignment
nodes
slack_status Primal value of the constraint’s slack variable

in [Section 2.2] the score, feature records the duty-level contribution g,(u) from

where u is the attribute score of the candidate duty. These scores are computed
by the same evaluation routines used by the NS solver to construct the assignment costs.
They depend on the tasks and structure of the duty, but not on the history of the assigned
crew member. Exposing them separately allows a model to distinguish the work charac-
teristics of a duty from the history-dependent effect included in its objective coefficient.
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Some attributes are represented by multiple features because the underlying SS&S rules
distinguish different rolling windows or train categories. Repetition is therefore tracked
separately for all train types and for sprinters only, while track variation is represented
by both a 45-duty rolling window and a yearly rolling window. The remaining features
indicate whether a column was generated in the current iteration or belongs to the current
basis, its degree in the bipartite graph, its value in the RMP solution, and its start and
end times.

The constraint features describe the current state of the RMP. The dual values A\
and m,; from quantify the marginal value of the task-covering and template-
assignment constraints. They therefore indicate where additional columns can be valuable.
On a template-assignment node, the saturation features summarize the current SS&S
history of the associated crew member. For each attribute a introduced in [Section 2.2]
the calculation can be seen in [Equation 4.9,

saturation.a = — (4.9)

QCL

where s is the current history score of that crew member for attribute a, and ¢, is the
corresponding target score from [Section 2.2l Both quantities are therefore attribute-
specific, and s is also crew-specific. Each crew member carries a separate history score
for every attribute. In the feedback mechanism of [Section 2.3| this same history score
enters the penalty through the factor h,(s). The feature therefore does not represent the
transformed value h,(s) itself. It represents the underlying history score s, normalized
by the attribute’s target score. Together, the duty contribution g,(u) and the normalized
history score s/q, provide the model with the two sources of information underlying the
feedback penalty f,(u,s). Task duration is relevant only to task-covering nodes, while
the slack status records the current primal violation represented by the corresponding
auxiliary variable.

The interpretation of the saturation values depends on whether an attribute is clas-
sified as sweet or sour. For sweet attributes, values above 1.0 indicate that the desired
exposure has already been achieved. For sour attributes, values above 1.0 indicate that
the permitted exposure has been exceeded. In both cases, higher saturation values make
assignments that further increase the attribute less attractive. As a result, the saturation
features provide the model with a compact representation of the current fairness state.

These records differ from many machine learning datasets in an important way. They
are not collected from noisy external measurements and then cleaned afterwards. Each
graph is produced inside a controlled column generation run, and every feature is com-
puted from the current iteration. There are no missing values to impute and no labels to
correct by hand. Values that might look extreme in a tabular dataset, such as a very high
dual value or a saturation score far above one, are not treated as outliers. They describe
genuine states of the problem at that iteration. For that reason, no separate filtering or
feature-engineering pipeline is applied after logging. The graphs are stored as they are
produced and passed on to model training.
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4.5 Learning models

The objective of the learning task is to predict, for each generated candidate column in
Gy, whether it would be selected by the expert MILP. The different models considered in
this study mainly differ in how much of the logged restricted master problem they use to
make this decision. The simplest models evaluate each generated column independently
based solely on its own feature vector. More advanced models additionally incorporate in-
formation from neighboring constraints, while the graph neural networks operate directly
on the complete bipartite graph and learn how information should propagate between
columns and constraints.

Regardless of their complexity, all models must satisfy two requirements. First, they
should reproduce the expert’s column-selection decisions as accurately as possible. Sec-
ond, they must be sufficiently fast to be executed inside the column generation loop,
where prediction time directly affects the overall solution time. A brief introduction to
supervised learning, binary classification, and neural networks is provided in [Section A.2
The remainder of this section introduces the different model families and explains the
motivation behind their design.

4.5.1 Linear baselines

The first model is logistic regression (LR), introduced by |Cox| (1958)) to formally model
the probability of a binary outcome as a function of independent explanatory variables.
It is included as a deliberately simple baseline. To establish a baseline of what can be
learned strictly from the duties themselves, this initial LR model is configured to use only
the column-specific feature vector xcov € R'® of column node v. In this minimal setup,
the model evaluates each generated candidate column (r,d) € G, independently, without
considering its associated constraints or other columns generated in the same iteration.
Consequently, LR sees the duty, its cost information, and its duty-level SS&S scores, but
lacks broader problem context. For example, two duties with similar reduced costs may
look almost identical to LR, even if one covers a task that is already easy to cover and
the other covers a task with a high dual value. The benefit of this restriction is that LR is
easy to inspect and has no difficulty with variable graph sizes, because the same scoring
rule is applied to every generated column separately. The LR computes the linear score
according to [Equation 4.10}

2= Teo + b (4.10)

where w € R is the learned weight vector and b € R is the bias. Each feature contributes
additively to the score, with its influence determined by the corresponding weight. The
score is converted into a probability according to [Equation 4.11] where the sigmoid func-
tion is defined in [Equation 4.12]

g =o0(z) (4.11)

1
o(z) = 1+e 7

An advantage of this additive formulation is that the learned weights are directly inter-

(4.12)
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pretable. For example, if the weight associated with the reduced cost is negative, then a
more negative reduced cost increases z and therefore the predicted probability of selec-
tion. Similarly, a large positive weight for a duty-level SS&S feature indicates that the
corresponding attribute strongly contributes to reproducing the expert’s choices.

The parameters are estimated by minimizing a weighted binary cross-entropy loss over
the training examples. This can be seen in [Equation 4.13|

N
1 . N
Lin = —5 > [wiyiloggi + w (1 —y;)log(1 — §)] (4.13)
=1

where y; € {0, 1} is the expert label and g; is the predicted probability that candidate i
is selected. The coefficients w, and w_ are class weights for the positive (selected) and
negative (not selected) classes, respectively. They are computed from the class frequencies
in the training set to compensate for the imbalance between selected and non-selected
columns. Because the expert selects only a small fraction of the generated columns, the
positive class receives a larger weight (w; > w_). Therefore, misclassifying a selected
column incurs a larger penalty. Without this weighting, a model that simply predicts
most columns as not selected could achieve a low loss. To help prevent overfitting, the loss
function is augmented with L, regularization, which penalizes large coefficient magnitudes
to help prevent overfitting. This effectively formulates a Ridge regression (Hoerl and
Kennard, |1970). The strength of this regularization is controlled by the inverse parameter
C.

The second model is aggregated logistic regression (Agg-LR). It is included to an-
swer two distinct questions before moving to more complex architectures. The first is
whether incorporating local constraint information actually improves predictive perfor-
mance compared to evaluating columns in isolation. The second is whether simple, linear
combinations of raw constraint features are sufficient, or if the selection problem requires
the non-linear transformations and complex structural learning provided by a graph neural
network.

To test this, Agg-LR retains the interpretable linear classifier but augments the input
features. For a candidate column node v € Gy, let N'(v) denote the set of its adjacent
constraint nodes. The feature vectors Tcon. € R of all neighbors ¢ € N (v) are pooled
using permutation-invariant aggregation operators. If we denote the chosen operator as
agg, the pooled constraint representation is given by [Equation 4.14]

Tpoolw = A88een(v) (Leon,c) (4.14)
This pooled summary is then concatenated with the original column feature vector to
form an augmented input vector T, = [Tcoly || Tpoolw]. The standard logistic regression

equation is then applied to this new vector to compute the selection probability.
Initially, this is tested using only the mean aggregator, which provides a natural base-
line by encompassing all neighboring constraints into a single average state and cleanly
handling variable node degrees. After establishing this baseline, the aggregation is en-
hanced to include the minimum, maximum, and sum operators alongside the mean, re-
sulting in a wider concatenated vector x,. This progression is a deliberate design choice to
maintain interpretability while capturing distinct structural signals. The mean captures
central tendencies, the maximum and minimum highlight extreme bottlenecks, such as a
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single task with an exceptionally high dual value or a crew member near a strict fairness
bound, and the sum reflects the total accumulated weight of the constraints. By explic-
itly constructing z,, Agg-LR incorporates vital RMP context without the computational
complexity of a full graph neural network architecture.

4.5.2 Graph neural network

The second model family considered in this study is the graph neural network (GNN),
comprehensively formalized by Scarselli et al. (2009) to extend traditional neural networks
by allowing nodes to iteratively update their states based on information from their neigh-
bors. Unlike the previous models, a GNN explicitly captures the relationships between
duty columns and the constraints in which they participate. Whether a column should
be selected is not solely determined by its own characteristics, but also by its interactions
with constraints and with other columns competing for the same tasks or crew member
assignments.

These dependencies are naturally represented as a graph. Through message passing,
each node repeatedly exchanges information with its neighbors, allowing column embed-
dings to incorporate information about the surrounding optimization structure. Rather
than evaluating columns independently, the model learns representations that reflect both
local and relational information. As questioned in the previous section on aggregated logis-
tic regression, it is hypothesized that simple linear summaries of constraints are insufficient
for this complex selection task. GNNs address this by applying non-linear transformations
to both the node features and the structural graph information.

This class of models is particularly suitable for column generation because it naturally
handles variable numbers of columns and constraints. All parameters are shared across
nodes, which allows the same model to be applied across instances with different sizes
without modification. In addition, the computation is invariant to permutations of nodes,
since predictions depend only on the graph structure and not on any ordering of rows in
the data.

To make the mechanics of the GNN less abstract for this specific column generation
application, the model’s operation can intuitively be broken down intro three main steps.
First, the raw numerical features of each duty and constraint are translated into a shared
internal mathematical representation. In this way, they can interact with each other.
Second, information flows through the bipartite graph in multiple message-passing rounds.
In these rounds, constraints update their state by looking at all duties that cover them, and
duties subsequently update their state by looking at all the constraints they participate
in. Third, after exchanging this context, each duty uses its final updated state to predict
its probability of being selected by the expert.

4.5.2.1 SAGEConv message-passing framework

The GNN used in this study follows the message-passing framework of Morabit et al.
(2021)) for bipartite column-selection graphs. The general message-passing is implemented
using SAGEConv layers, introduced by Hamilton et al. (2018). SAGEConv learns to
generate node embeddings by sampling and aggregating information from a node’s local
neighborhood. It is used as the reference implementation because prediction must remain
fast enough to be useful inside the column generation loop, and because it provides a
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flexible framework for studying architectural choices such as message-passing depth and
neighborhood aggregation. The model executes the three intuitive steps introduced above.

First, the raw features from are encoded once before any message-passing
layer is applied. Because the original column features and constraint features have differ-
ent lengths, separate linear maps are used to project them into the shared initial embed-
ding dimension dj,. Aligning with the notation from the logistic regression baselines, the
encoding can be seen in [Equation 4.15]

hvo) - p(WCol xcol,v)
h(o) = p(Wcon xcon,c)

C

(4.15)

where ¢, € RY and Teon,e € R represent the raw input vectors. The maps Wy €
R4%*15 and Weo, € R*X14 act as standard dense neural network layers mapping the raw
input features to the initial hidden state. In this specific application, W, learns how
to combine a duty’s 15 raw features such as its reduced cost and SS&S scores into a
meaningful dj,-dimensional vector. Similarly, W.,, translates a constraint’s 14 features
such as its dual value into the same dimensional space. These mapping matrices are
not predefined. Their weights are initialized randomly and updated during training via
backpropagation to minimize the classification error, aligning the internal representations
with the expert’s decisions. The function p is the rectified linear activation (ReLU),
defined in [Equation 4.16| This operation evaluates each component of the vector and
replaces all negative values with zero while leaving positive values unchanged. Applying
this simple non-linear transformation is the crucial mechanism that allows the network to
capture complex patterns beyond what a simple linear model can learn.

p(z) = max(0, x) (4.16)

The second step applies K SAGEConv layers on the bipartite graph. Each layer performs
two updates in sequence. Constraint nodes first aggregate embeddings from neighboring
columns, and column nodes then aggregate from neighboring constraints. To define this
formally, the universal message-passing framework is presented first, followed by the spe-
cific SAGEConv implementation. A general message-passing update for a node 7 receives
messages from its neighbors through a formal message function ¢*) and combines them
using a permutation-invariant aggregation operator. This can be seen in [Equation 4.17]

o = agg ey {0 (7,10 Y) ) (4.17)

where A (i) denotes the neighbors of node 7. The aggregated neighborhood information

az(-k) is subsequently combined with the node’s previous embedding and transformed by

an update function ©)*). This can be seen in [Equation 4.18

= w® ([ o)) (418)

where || denotes vector concatenation. This general update process is visualized in
fure 4.4

To demonstrate exactly how this universal notation translates into concrete SAGE-
Conv operations, one can trace the step-by-step intuition for a single column node during
one layer. The column node begins with its current mathematical representation of di-
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Figure 4.4: General message-passing update for target column node i;. The local neighborhood
N (i1) consists of active constraint nodes (dashed) labeled j1, j2, j3, while inactive column nodes
(1) and constraint nodes (c) are visually faded. For each active neighbor, a message is generated
based on its current embedding. These messages are aggregated and combined with the target
node’s own embedding to produce its updated state for the next layer.

mension dj. It looks at all the constraint nodes it is connected to and gathers their
dp-dimensional embeddings. In this specific architecture, the formal message function ¢
simply retrieves the neighbor’s current mathematical representation without altering it,
allowing the general notation to be simplified in the detailed phase equations later in this
section. The column node summarizes these gathered vectors into a single vector using
a mathematical operator such as the mean. This summarized vector is the aggregated
neighborhood information a®). Next, the column node concatenates this summarized
vector with its own embedding. This means the two vectors are placed side by side to
form a single longer vector with a dimension of 2d,. At this point, the update function
p(*) executes its core logic. The learnable mapping matrix W‘(,k) multiplies this long 2dj,
vector to shrink it back down to the original d; dimension. Finally, this compressed vector
is passed through the non-linear activation p to produce the proposed update. Through
this matrix multiplication and activation, the network learns exactly how to weigh and
blend the node’s past history with the new neighborhood context.

The exact logic is formalized in two distinct phases because the network operates on a
bipartite graph. The mathematical rules for updating a constraint are different from the
rules for updating a duty column, requiring distinct map%)ing matrices. Phase 1 applies

this sequence to the constraint nodes using the matrix ch) as defined in |Equation 4.19|.

Phase 2 applies the exact same sequence to the column nodes using the matrix W‘(/k) as
given in [fquation 4.20]

a((:k’) = aBLyeN(c) (hgjk_l))

1)
2P =p (Wék) [ ) (4.19)

C

hk) = LayerNorm(h(k’l) + Dropout, (Zék)))

C
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az(;k) = agchN(v) (hgk_l))

(1)
2 =p <Wx(/k) [ ) (4.20)

hk) = LayerNorm(hgk_l) + Dropout, (Zz(;k)>)

where in both phases, dropout with probability p is applied to the proposed update during
training to limit overfitting. In these specific equations, the proposed update z*) directly
embodies the result of the abstract update function 1®), and the raw feature embedding
h*=1 replaces the general message function ¢*). After this proposed update is calculated,
the actual node state is finalized through a residual connection. The node now possesses
its old memory vector and the newly proposed update vector z(*). Both are vectors of
size d. Rather than taking an average, the network mathematically adds them together.
Adding the proposed update to the original state ensures the node does not forget its
initial identity as it absorbs the new neighborhood context. Finally, layer normalization
rescales the combined vector to stabilize training. Only A and A are carried to the
next layer. illustrates one such layer.

'

1
v C3 )
N
VAN
'

Figure 4.5: Bipartite graph model illustrating the two-phase message-passing architecture.
(Figure 4.5a) The base graph consists of column nodes V' and constraint nodes C. (Figure |4.5p)
Phase 1 constraint nodes (dashed) aggregate messages from their neighboring column nodes
to update their representations. (Figure ) Phase 2 column nodes (dashed) subsequently
aggregate messages from their neighboring constraint nodes.

The number of layers K controls how far information can travel through the graph. With
one layer, a column can use information from its adjacent constraints. With two layers,
column embeddings can also reflect other columns connected through those constraints.
To explore the optimal depth for this specific problem, the experiments in this study
will test models with one, two, three, and four message-passing layers. Deeper models
are intentionally avoided due to three primary challenges. The first challenge is over-
smoothing. When a network becomes too deep, repeated aggregation causes all node
embeddings to blend together. If every column repeatedly pulls in information from a
wider neighborhood, the final mathematical representations become nearly identical, re-
ducing the model’s ability to distinguish good candidate duties from poor ones. A second
and related issue is oversquashing. As the neighborhood expands exponentially with each
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additional layer, an enormous amount of information from distant nodes must be com-
pressed into a single vector of fixed size. This forces the network to discard potentially
critical local details in favor of a blurred global view. The third challenge is computational
cost. Each additional layer multiplies the number of neighboring nodes involved in the
calculation, drastically increasing the memory and time required during training.

The third step executes the readout, which assigns a selection probability to each
generated column. After the K message-passing layers, only the final column embedding
K enters the readout head. Constraint nodes are updated during message passing
because they carry RMP-side context into the column embeddings, but they are not
classified directly. The readout head is a small two-layer network, which is given in
[Equation 4.21]

¢ = p(Wih{")
Yp = O'(W2 Dropoutp(qv))

where W, € R@/2xdn and W, € R™(@/2) act as the final mappings. They project the
sophisticated final embedding first to an intermediate representation ¢, € R%/? and then
down to a single probability score. Like the previous weights, these mappings are learned
by minimizing the binary cross-entropy loss against the true labels. The same dropout
probability p is applied here as in the message-(passing layers, so the small classification
head does not overfit particular dimensions of o during training. The function o is the
sigmoid from |Equation 4.10, Training and evaluation use only the generated columns in
Gy, identified by a boolean mask.

(4.21)

4.5.2.2 Aggregation and attention variants

The SAGEConv formulation leaves a modeling choice in the aggregation operator agyg.
This operator determines how the neighboring embeddings are summarized before they
are combined with the node’s own embedding. This design directly mirrors the aggregated
logistic regression model introduced previously, where the mean operator serves as the
primary baseline. For a column node, the mean operator calculates the average state of
the constraints it covers. This approach can similarly be extended by applying alternative
operators to capture distinct structural signals from the neighborhood. The maximum and
minimum operators are particularly well-suited for identifying bottlenecks. Alternatively,
the sum operator reflects the total accumulated state of all covered constraints. However,
unlike the linear baselines which apply these mathematical summaries directly in a basic
equation, the GNN passes these aggregated messages through the non-linear mappings
discussed in the previous section. This fundamental difference allows the network to
capture complex interactions between a duty and its surrounding constraints rather than
just adding their effects together.

A second variant replaces the fixed SAGEConv aggregation by graph attention, using
the GATv2 architecture developed by Brody et al| (2022). With fixed aggregation like
the mean, all neighbors are combined by a predetermined mathematical rule. Attention
instead introduces learnable mappings, allowing the model to dynamically decide how
much importance each neighbor should receive. In the context of column selection, this
means the network learns to prioritize certain constraints over others when evaluating
a duty. For instance, it can heavily weight a constraint that represents a hard-to-cover
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task while ignoring redundant ones. GATv2 is specifically chosen because it employs a
dynamic attention mechanism. Unlike earlier attention models, it allows the weighting to
adapt genuinely to the specific target node being updated rather than ranking neighbors
uniformly across the graph. For an edge from node u to node v, a typical attention score
is given by [Equation 4.22]

eus = 0T (Wage [V || hFDT)
exp(eu) (4.22)
Zu’eN(v) exp(eury)

where e,, is an unnormalized compatibility score and «,, is the normalized attention
weight. The subscripts « and v simply denote the direction of the message flowing from
a specific neighbor u to a specific target node v. The parameters Wy and 6 act as a
small neural network dedicated to scoring this specific connection. The matrix Wy first
transforms the concatenated node representations into a hidden state. After the non-
linear activation n is applied, the parameter vector 6 projects this hidden state down to a
single numerical score. Although these weight parameters are shared globally across the
entire network, they evaluate the combined representations of both the neighbor and the
target node together. This mechanism allows the shared network to compute a unique
compatibility score for every single connection. During training, backpropagation adjusts
these exact parameters based on the classification error. If focusing on constraints with
high dual values helps the model predict expert selections accurately, the weights naturally
adjust to output a high attention weight «,, whenever that specific mathematical pattern
is detected in a neighbor’s vector.

This dynamic scoring fundamentally changes how the proposed update z*) is gen-
erated compared to SAGEConv. In the SAGEConv implementation, neighbors are first
aggregated into a single vector, which is then transformed by a weight matrix to produce
2% In contrast, GATv2 first transforms each neighbor’s embedding individually using
a learnable weight matrix Wins. Each transformed embedding is then multiplied by
its corresponding attention weight «,,, effectively acting as a volume control that scales
the message by its importance. These scaled messages are then summed to produce
the final proposed update z¥). This approach is more expressive because it computes
unique, importance-weighted features for every neighbor before aggregation. The embed-
ding h*~Y) no longer enters through concatenation, but is kept only through the same
residual addition as in SAGEConv, followed by dropout and layer normalization. The
two-phase bipartite structure therefore remains unchanged. Multi-head attention per-
forms several such weighted aggregations in parallel, where each head learns a separate
attention mechanism. One can think of the heads as several people looking at the same
neighborhood before their views are combined. Increasing the number of GAT layers
results in repeated attention-based message passing, where each layer computes new at-
tention weights based on the updated node representations. To ensure a comprehensive
evaluation, all aggregation and attention variants will be tested across the one to four
layer depths previously described.

Qyy =
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4.5.3 Hyperparameters

Each model class has a set of hyperparameters that must be specified before training.
Hyperparameters are settings that control the learning process itself rather than the model
weights that are fitted to data. They therefore cannot be estimated from the training set
in the same way as the model parameters and instead require a deliberate choice.

For the logistic regression models, the main hyperparameter is the inverse regularization
strength C, which controls the balance between fitting the training data and keeping the
learned weights small. A smaller C' imposes stronger regularization and limits how large
any individual feature weight can become, which helps the model generalize to unseen
planning days. A larger C' allows the optimizer more freedom to fit the training data
precisely but increases the risk of overfitting. The class weights are not a free hyperpa-
rameter in the usual sense. They are computed directly from the class frequencies in the
training period and therefore change automatically with the data. [Table 4.3 summarizes
the settings used for both linear models.

Table 4.3: Hyperparameter settings for LR and Agg-LR.

Hyperparameter Value Description
C 1.0 Inverse Lo regularization strength
Class weights computed Derived from training class frequencies

For the GNN, the number of trainable parameters and the expressive power of the model
depend on several architectural and optimization choices. [Table 4.4lists the initial settings
used when evaluating and comparing architectures. The hidden dimension dj; determines
the size of the embedding space that every column and constraint node is mapped into by
the input projections in |[Equation 4.15. With d; = 64, each node is represented by a 64-
dimensional vector that is updated across the message-passing layers. The readout head
in [Equation 4.21| then maps this to a score in [0, 1] through an intermediate representation
of size dj,/2 = 32. Dropout is applied after each activation in the message-passing layers
and in the head, randomly setting a fraction p of values to zero during training. This
prevents any single dimension of an embedding from being relied on too heavily and acts
as a regularizer. The parameters are updated with the Adam optimizer from Kingma and
Ba/ (2017). This is an adaptive gradient-based optimizer that adjusts the effective step
size separately for each parameter, while a single global learning rate scales all updates.
Weight decay adds a small penalty proportional to the squared weight magnitude, similar
in spirit to the Ly regularization used for LR. Training proceeds in epochs, where each
epoch corresponds to one complete pass over the shuffled training graphs. The process is
capped at a maximum of 50 epochs. For the attention variant, the hidden dimension is
additionally divided into four parallel attention heads. Each head operates on a dj /4 = 16-
dimensional subspace, and their outputs are concatenated back to dj, after each layer.

These initial settings are used to compare architectures under equal conditions. The
number of message-passing layers and the aggregation or attention variants from
tion 4.5.2.2f are first compared while keeping all other settings fixed. Once the strongest
architecture has been identified, a focused search over the hidden dimension, dropout
probability, learning rate, and weight decay is performed to find settings that improve
over the initial choice.
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Table 4.4: Initial hyperparameter settings for the GNN and GNN-Attention models. These
values are kept fixed during the architecture comparison.

Hyperparameter GNN (SAGEConv) GNN-Attention Description

Hidden dimension d;, 64 64 Node embedding size

Number of layers K 1-4 1-4 Message-passing rounds

Aggregation / heads  varied 4 heads SAGEConv operator or GATv2 heads
Dropout p 0.1 0.1 Drop probability in layers and head
Learning rate 1073 1073 Adam step size

Weight decay 107° 107° Lo penalty on model weights

Batch size 32 32 Graphs per training update
Maximum epochs 50 50 Maximum number of training passes

4.5.4 Training and evaluation

The data are split chronologically into training, validation, and test periods. The training
period is used to estimate the model parameters. The validation period is held out
during fitting and used to compare candidate models and guide hyperparameter selection,
while the test period remains separate until the final classification comparison. This
chronological division prevents information from later planning days from entering model
development.

The only preprocessing step is feature standardization. For each feature, the mean
and standard deviation are estimated from the training period. The same transformation
is then applied to the validation and test periods. LR and Agg-LR standardize their flat
input vectors, while the GNN standardizes the column and constraint feature matrices
before batching the graphs. No statistics from the validation or test periods are used in
this process.

All three model families are trained with the weighted binary cross-entropy loss defined
in [Equation 4.13. The model architecture determines how the prediction is produced, but
not the underlying classification objective. For the GNN, the implementation evaluates
this loss directly from the output logits before applying the sigmoid. This is mathemat-
ically equivalent to applying the weighted binary cross-entropy to the probabilities, but
is more numerically stable. Since the labels are strongly imbalanced, selected columns
receive more weight than non-selected columns. The class weights for all models are
determined from the training period only.

The GNN is trained on shuffled mini-batches of graphs using the settings from
ble 4.4] Gradient clipping limits unusually large parameter updates during training. After
each epoch, the model is evaluated on the validation period. A checkpoint is a stored copy
of the model parameters at a particular epoch. Whenever the validation loss improves,
the current parameters are retained as the new best checkpoint. Training stops when the
validation loss has not improved for a fixed number of epochs, after which the param-
eters from the best checkpoint are restored. This prevents the final model from being
determined by a later epoch in which training performance improved while validation
performance deteriorated. Alongside early stopping, the learning rate is halved automati-
cally whenever the validation loss fails to improve for several consecutive epochs, allowing
the optimizer to take smaller steps as training converges near a good solution. During
validation and test, dropout is disabled and predictions are made using the full network
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to ensure deterministic outputs.

Once hyperparameter search has identified the best configuration, the final GNN is
retrained from scratch on the combined training and validation period. The number of
epochs is set to the epoch at which early stopping selected the best checkpoint during
the search, rather than running for the full maximum. This uses the additional validation
labels while keeping a fixed training budget, since early stopping is no longer available
once the validation period is included in training. The feature standardizer is also refit
on the combined data. The test period is then used only for the final unbiased evaluation
of this deployment model.

Each model returns a predicted selection probability g; for candidate column i. At
the default decision threshold of 0.5, every candidate with g; > 0.5 is classified as selected
and every candidate with ¢; < 0.5 is classified as not selected. Lowering this threshold
selects more columns and generally increases recall at the expense of precision. Raising
it has the opposite effect.

Because of the imbalance, standard accuracy is not sufficiently informative, as most
candidates are not selected by the expert. A model that rejects nearly all columns could
still look accurate, while it would be useless in column generation. Evaluation instead
starts from the numbers of true positives TP, false positives FP, true negatives TN, and
false negatives FN. A true positive is a column selected by both the expert and the model,
while a true negative is rejected by both. A false positive is selected only by the model,
while a false negative is selected only by the expert.

Recall measures the share of expert-selected columns recovered by the model, defined
in [quation 4.23|

TP
l=——— 4.2
Reca TP T FN (4.23)

Recall is particularly important because a false negative removes a direction that the
expert considered useful. The true negative rate measures the share of expert-rejected
columns that the model also rejects, given by [Equation 4.24]

TN
TNR = ——= 4.24
R TN+ FP ( )

A high true negative rate helps prevent unnecessary columns from enlarging the RMP.
Precision instead evaluates the predicted selections, which can be seen in |Equation 4.25|

TP
Precision = ’,FP—_'_F]? (425)

The precision reports the share of model-selected columns that were also selected by the
expert. Balanced accuracy gives equal importance to recovering selected columns and
rejecting non-selected columns, defined in [Equation 4.26|

1
Balanced accuracy = 5 (Recall + TNR) (4.26)

These four measures depend on the decision threshold. The area under the precision-recall
curve is therefore also reported. The curve evaluates precision and recall over all possible
thresholds. In the implementation, its area is summarized by average precision, given by
[quation 4.27]




Chapter 4. Methodology 43

AUC-PR =Y (Ri — Rp_1) Py (4.27)
k

where P, and Ry are the precision and recall obtained at the k-th probability threshold.
AUC-PR evaluates how well the model ranks expert-selected columns above non-selected
columns without fixing one operating threshold. A random classifier would achieve an
AUC-PR equal to the positive rate, as it assigns scores independently of the true labels.
Consequently, the expected precision at every level of recall is the fraction of positive
samples in the dataset. This makes the positive rate the natural baseline for interpreting
AUC-PR, particularly for imbalanced classification problems.

Prediction time is reported alongside these classification metrics. This is necessary
because the learned selector is called repeatedly inside column generation. A model that
closely reproduces the expert but requires too much prediction time would not provide a
useful replacement.

4.6 Experimental design

Having defined the selectors and their training procedure, this section describes how they
are evaluated within the column generation process. The design separates the effect of
column-selection mechanism from differences caused by fairness initialization and accu-
mulated path dependence. All selector evaluations and machine learning data-collection
runs use the same history initialization, the same controlled per-day procedure, and the
same column generation parameters. Exact instance composition, dates, and parameter

values are reported in [Section 5.1}

4.6.1 Warm start for fairness history

The SS&S penalty mechanism described in depends on both the accumulated
fairness history of each crew member and the characteristics of the duty being assigned.
The fairness history evolves over time as duties are assigned and influences the penalty
factors attached to future duty costs. Starting from an empty history would make the
early fairness scores sensitive to the arbitrary beginning of the experiment because little
previous work would be available in the rolling evaluation windows. Such behavior is not
representative of actual operations, where crew members enter the planning horizon with
an existing work history.

A warm-start period is therefore used before the evaluation window. Its length can
influence the initial fairness state if it is too short. The selected length follows the practice
advised by NS and allows the rolling fairness measures to stabilize before experimental
observations are recorded. The same historical duty records and warm-start length are
used for every selection strategy. This removes differences caused by initialization and
gives each crew member a realistic and common starting state. The principle follows
the history initialization used in the rolling-horizon simulation framework of van Rossum
et al.| (2026]).
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4.6.2 Per-day experimental control

An additional consideration arises from the path dependence of the diving phase discussed
in [Section 4.2] If the duty assignments produced by the column generation procedure on
one day were used to update the fairness history for the next day, each selection approach
would gradually evolve toward its own history state. Over a multi-week evaluation period,
these accumulated deviations could produce substantially different fairness landscapes,
making the resulting column generation behavior difficult to compare. Any observed
performance differences would then reflect not only the selection strategy itself, but also
the compounded effects of all preceding assignments.

To avoid this, the fairness history is derived entirely from a fixed folder of historical
duty records, as illustrated in[Figure 4.6] Following the initial warm start, the correspond-
ing historical records are used to construct the starting conditions for each subsequent day.
After the column generation procedure finishes, the resulting assignments are recorded
but are not used to update the fairness counters. Instead, the historical duties for that
calendar day are read from the same folder to advance the state for the following day.
In this way, the fairness evolution remains aligned with actual historical operations while
remaining independent of the selection mechanism under evaluation.

{ Standard logs } "'bipitic;riz;lil\i/lr lioigisﬁl

(metrics, timings)

warm start Start day d
{ (history state) H CG loop

{ Pre-computed } { Record daily }

history folder results

during run ( Start day d+1
L (history state)

Figure 4.6: Controlled per-day procedure. Grey denotes the fixed historical input, green
denotes standard solver logs, and dashed blue denotes the optional graphs and expert labels
used for machine learning. Experimental assignments and logged outputs do not update the
fairness history.

Two logging paths record the experiment without affecting this controlled history. Stan-
dard logs are produced for every selector evaluation. They capture iteration-level solver
statistics and timings as well as the final outcome of each daily run, and provide the mea-
surements reported in the results. During machine learning data collection, an additional
logging path stores the iteration graphs and expert labels. Both paths are outputs of the
column generation procedure. Neither changes its decisions nor supplies information to
the fairness state of the following day.
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4.6.3 Machine learning data

The machine learning dataset is collected within the controlled per-day procedure shown
in [Figure 4.6 Each planning day starts from the fairness state derived from the common
historical records, so the logged graphs are not affected by assignments produced on
preceding experimental days.

The dataset is generated on the smaller three-base instance, and the models are trained
only on graphs and labels from this source instance. This is a methodological choice be-
cause repeating the full label-generation procedure on the larger six-base instance would
require solving the expert MILP at every recorded iteration. The larger instance is there-
fore reserved for transfer evaluation, where the trained model is applied without retraining.

Following Morabit et al.| (2021), graph logging is restricted to the root-node linear
relaxation. At the root node, no duty variables have yet been fixed, so the recorded
states are not conditioned on earlier fixing decisions within that day’s diving path. Once
diving begins, those decisions change the subsequent subproblems and produce path-
dependent states, as explained in [Section 4.2 Restricting collection to the root node
therefore provides a more controlled learning signal. Learning directly from post-dive
states is left as a potential extension. This distinction also motivates the root-node and
hybrid evaluations. The learned selector is most directly supported at the root node,
while applying it throughout the full day forms an additional operational test beyond the
setting studied by Morabit et al.| (2021)).

At every root-node iteration, the expert MILP is solved on the generated candidate
set. Its binary values 1, are stored as the labels defined in The graph
topology and node features shown in [Figure 4.3| and defined in are recorded
at the same point in the iteration.

4.6.4 Selector integration and evaluation modes

The expert and learned selectors are evaluated within the same column generation pro-
cedure as the baseline. At each iteration, the current RMP is solved and the pricing
problems are solved to generate duties with negative reduced cost. The task-disjoint rule
then constructs the candidate pool G, described in [Section 4.1, The configured selector
determines which of the candidates in GG, are inserted into the RMP. The baseline inserts
the task-disjoint pool directly. The expert solves the MILP and applies the configured
safety mechanism. The learned selector constructs the graph representation and inserts
candidates whose predicted probability is equal to or above the selected threshold. The
main comparisons use a prediction threshold of 0.5. Alternative thresholds are examined
to assess the recall-precision trade-off when the learned selector is integrated into column
generation.

summarizes how the selector is integrated into the daily procedure from
Three evaluation modes are distinguished. Root-node evaluation stops
before diving and isolates the initial linear relaxation, which is the setting on which
the learned selector is trained. Full-day evaluation keeps the configured selector active
after diving and tests whether it remains effective in the path-dependent states. Hybrid
evaluation uses the expert or learned selector at the root node and switches to the baseline
for every later column generation segment. Consequently, all approaches use the same
selector after diving. This limits additional differences caused by post-dive selection while
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still extending the evaluation to a complete daily solution. The hybrid mode therefore
shows whether the column pool created at the root node has a lasting effect on full-day
performance without requiring the learned selector to operate outside its training setting.

4.6.5 Column generation parameters

Finally, several parameter settings influence the behavior of the column generation algo-
rithm.

The first group concerns acceleration mechanisms. These include the number of
columns generated by the pricing problems, the task-disjoint pre-filter threshold, and
the column management policy. Together, these balance the richness of the candidate
pool with the computational effort required during re-optimization. The second group
governs the aggressiveness of the main loop and the diving heuristic. The early termi-
nation threshold determines how much relative improvement in the objective is required
before the main loop continues. A tighter threshold typically leads to more iterations
and a stronger linear program relaxation, but at the cost of additional pricing calls. The
diving threshold determines how quickly the algorithm commits to integer values during
the diving phase, thereby influencing how strongly early decisions are fixed. The final
group defines the fairness penalty function. The SS&S penalty is determined by the
attribute-specific target threshold and the scaling factors that translate deviations from
those targets into assignment costs.
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Algorithm 2 Daily column generation heuristic with a configurable column selector

Require: Day ¢, initialized RMP, selector S, evaluation mode M, parameters e (early

stop), 7 (diving threshold)

Ensure: Integer duty assignment (or root-node solution) for day ¢

1:
2:
3:
4:

10:
11:
12:

13:
14:
15:

16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:

Set the active selector Syctive < S
repeat
Solve linear program relaxation of current RMP and obtain dual values (A, )
Solve pricing problems (RCSPPs) and collect candidate duties with negative
reduced cost
Apply the task-disjoint rule to construct candidate pool G,
if Syctive 15 the baseline then
Select all candidate duties in G,
else if S,.iive is the expert then
Solve the expert MILP and apply its configured safety mechanism to
select duties
else
Construct the iteration graph and predict selection probabilities
Select candidate duties whose probability is equal to or above the
prediction threshold
end if
Add selected duties to RMP
Apply column management and remove stale columns with consistently poor
reduced cost
until no improving duties are found or relative objective decrease is below € in con-
secutive iterations
if M is root-node evaluation then
return root-node solution for day ¢
end if
while current RMP solution is fractional do
Fix all duty variables with value at least 7
if no variable satisfies the threshold then
Fix the variable with highest fractional value
end if
if M is hybrid evaluation then
Set Sactive ¢ baseline
end if
Re-solve reduced RMP with column generation using Spctive
end while
return resulting integer assignment for day ¢
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Chapter 5

Results

This chapter presents the experimental findings for the two-part investigation introduced
in [Section 3.4l The chapter begins by detailing the experimental setup in [Section 5.1]
then evaluates expert-guided column selection through the MILP formulation.
Starting from the observed stalling behavior of the basic formulation, the section proceeds
through a comparison of the four selection configurations defined in examines
the role of the task-disjoint filter, and closes with a full performance evaluation of the
selected expert configuration at both the root node and the full planning day.
turns to the machine learning component. The section evaluates classification performance
across candidate model architectures, examines the learned selector inside the column
generation loop, and assesses sensitivity to the prediction threshold and transfer to a
larger instance.

5.1 Experimental setup

This section specifies the common experimental setting used to compare the column-
selection approaches, including the specific planning instances, data periods, parameter
configurations, and the computational environment.

5.1.1 Experimental instances

In this study, two geographically bounded subsets of the Dutch railway network are used as
experimental instances. The first comprises three crew bases, namely Amersfoort (Amf),
Amsterdam (Asd), and Utrecht (Ut). The second extends this to six crew bases by
additionally including Arnhem (Ah), Rotterdam (Rtd), and Zwolle (Z1). Both instances
are shown in [Figure 5.1}

The three-base instance corresponds to the Center instance used by van Rossum et al.
(2024) and is regarded as representative of the operational NS setting. It contains large
crew bases connected by busy track segments, capturing the task coverage conflicts and
fairness dynamics that characterize the full planning problem. The six-base instance ex-
pands the geographical scope, making it possible to examine whether performance carries
over to a larger and more complex setting.

Applying the methodology to the complete NS network would require repeated solu-
tion of the full planning problem, which is computationally prohibitive for the repeated

49
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(a) Instance with three crew bases (b) Instance with six crew bases

Figure 5.1: Overview of the two instances used in this study. depicts the three-base
instance containing Amersfoort (Amf), Amsterdam (Asd), and Utrecht (Ut). [Figure 5.1b|shows
the six-base instance, which additionally includes Arnhem (Ah), Rotterdam (Rtd), and Zwolle
(Z1). Operated tracks are indicated by black lines and the included crew bases by white labels.

runs performed in this study. Restricting attention to geographically bounded subsets is
therefore a common strategy. Following the approach of van Rossum et al. (2026), the
daily planning problems within each subset are constructed by grouping all tasks that
were historically covered by crew members belonging to the selected bases. This ensures
that the resulting problems remain self-contained and preserve the task coverage patterns
observed in practice.

To indicate the scale of these real NS instances, reports the number of tasks
and templates for seven consecutive planning days in January 2024. The instances use
the guard setting introduced in [Section 2.3l A template on a planning day corresponds
to one active crew member. The three-base instance contains approximately 1,900 tasks
and 190 active crew members per day on average, while the six-base instance contains
approximately 3,600 tasks and 350 active crew members. For context, the full operational
problem at NS contains more than 10,000 tasks and approximately 1,150 active crew
members on a typical weekday. The experimental instances are therefore smaller than
the complete operational problem, but remain substantial real-world planning problems.

5.1.2 Data periods

All experiments use the controlled history procedure from [Section 4.6 For the January
experiments, fairness history is initialized from historical duties between 14 November
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Table 5.1: Number of tasks and templates in the two experimental instances for seven con-
secutive planning days in January 2024. Templates correspond to active crew members on the
respective planning day.

Three-base instance  Six-base instance

Day Tasks Templates Tasks Templates

08-01 1,964 191 3,725 362
09-01 1,995 198 3,795 371
10-01 1,882 189 3,604 357
11-01 2,202 218 4,176 404
12-01 2,052 207 3,854 377
13-01 1,800 183 3,269 332
14-01 1,429 147 2,678 269

2022 and 7 January 2024. The first evaluated day is 8 January 2024, which ensures that
the accumulated fairness scores have stabilized. This provides each crew member with a
realistic assignment history. For later experiments, the same historical records advance
the fairness state up to the day preceding the relevant evaluation period. For example,
evaluation of the learned selector from 6 May 2024 uses historical duties through 5 May
2024.

The initial expert comparisons cover 8 to 14 January 2024. The selected expert-guided
performance comparison extends this window through 21 January. Machine learning data
are collected from 8 January to 2 June and split chronologically into training, validation,
and test periods. The in-loop evaluation of the learned selector begins with the test period
and continues through 30 June 2024. This makes it possible to observe the behavior of
the selectors over nearly two months rather than only a few weeks. [Table 5.2| summarizes
the periods used in this chapter.

Table 5.2: Data periods used for expert evaluation, machine learning, and in-loop selector
evaluation.

Purpose Start date  End date

Expert configuration comparison 2024-01-08  2024-01-14
Expert performance evaluation 2024-01-08  2024-01-21
Machine learning training 2024-01-08  2024-04-21
Machine learning validation 2024-04-22  2024-05-05
Machine learning test 2024-05-06  2024-06-02

Learned-selector in-loop evaluation 2024-05-06 2024-06-30

5.1.3 Parameter settings

As noted in [Section 2.5 all parameter settings for the column generation heuristic are
adopted from the existing NS implementation.

The first group of parameters governs the candidate pool and the restricted master
problem size. At most 50 columns are returned per pricing subproblem. The task-
disjoint pre-filter accepts a maximum task overlap of 80%. Columns are removed from
the restricted master problem when their reduced cost has exceeded 250 in each of the
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last five consecutive iterations. The second group controls the main loop and the diving
heuristic. The early termination threshold is set to €iom = 0.1% and the diving fix
threshold is set to 7 = 0.51. The third group defines the fairness penalty function and
the Sharing-Sweet-and-Sour attribute targets. Unlike the column generation heuristic
parameters, which directly control the procedure under study, reporting the complete
set of fairness parameter values falls outside the scope of this thesis. The experiments
isolate the effect of the column-selection mechanism rather than the design of the fairness
feedback itself.

The expert MILP introduces one additional algorithmic parameter. The selection
penalty introduced in is set to eypp = 0.01. In preliminary experiments this
value was varied, but these changes had no material effect on the selected columns or on
the subsequent column generation trajectories.

5.1.4 Computational environment

All experiments are performed on a virtual machine hosted on Microsoft Azure, provided
by NS. Specifically, it is a Standard D16as_v4 instance running Windows Server 2025.
The machine is equipped with 16 virtual CPU cores backed by an AMD EPYC 7763
processor, 64 GiB of RAM, and 32 data disks. The column generation procedure is imple-
mented in Java and uses CPLEX for solving the restricted master problem and the expert
MILP. Machine learning training and inference are implemented in Python. Logistic re-
gression models are trained with scikit-learn (Pedregosa et al., [2018), while the graph
neural networks are trained with PyTorch and the PyTorch Geometric library (Paszke
et al., |2019; Fey and Lenssen, 2019).

During experiments in which a learned model is deployed inside the solver, the Java
process requests predictions from a Python inference service running on the same virtual
machine. The service is managed through NSSM (Patterson) 2023). This arrangement
allows the Java loop to obtain predictions at each relevant iteration without interrupting
the optimization flow.

Because the experiments share a virtual machine environment, incidental fluctuations
in available compute resources may introduce variation in wall-clock times across runs.

5.2 Expert MILP column selection

This section evaluates the expert-guided selector. The primary comparisons are conducted
at the root node, where the effect of column selection can be evaluated before diving
decisions create different solution paths. The final subsection extends the evaluation to
the full planning day. Unless stated otherwise, results are reported for the three-base
instance.

Following results are reported for the baseline selector and the four MILP-
based selectors MILP, MILP-GN, MILP-TN, and MILP-TC. MILP uses only the expert
MILP, while the other three incorporate a safety-net mechanism. Hereafter, these labels
refer to the corresponding selectors.
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5.2.1 Stalling behavior

The first comparison considers the MILP selector, that is, the expert-guided configuration
without a safety net. reports the final root-node objective values for the baseline
and the MILP over the first evaluation week on the three-base instance.

Table 5.3: Final root-node objective values for the baseline and the MILP selector.

Day Baseline (€) MILP (€)

2024-01-08 11,386.20  16,406.46
2024-01-09 162,878.44  181,525.76
2024-01-10 9,745.42  552,922.56
2024-01-11 13,167.34  16,585.79
2024-01-12 12,943.64 100,977.01
2024-01-13 67,630.87  71,124.35
2024-01-14 6,393.47 7,030.13

The MILP selector finishes with a higher objective value than the baseline on every day.
The size of this difference varies considerably. On 9, 13, and 14 January, both selectors
finish in a similar objective range. More substantial gaps occur on 8 and 11 January, while
the results on 10 and 12 January stand out most clearly. On 10 January, its final objective
is approximately 57 times the baseline objective. On 12 January, it is almost eight times
as high. The comparison therefore shows that the MILP selector does not consistently
reach the objective level obtained by the baseline within the root-node procedure.
provides a more detailed view of this behavior for 10, 12, and 14 January.
On 10 and 12 January, the baseline selector continues to reduce the objective after the
trajectory of the MILP selector has leveled off. This leaves a visible gap between the
configurations at the end of the root node. The trajectory on 14 January has a different
shape. Both selectors eventually reach a similar objective range, but the MILP selector
takes considerably more iterations to do so. The MILP selector can therefore exhibit either
a higher final objective or a longer convergence trajectory, depending on the planning day.

5.2.2 Comparison of selection configurations

The comparison above showed that the MILP selector can stall relative to the baseline.
The three safety-net variants MILP-GN, MILP-TN, and MILP-TC are therefore compared
with that basic configuration next. The comparison again uses the first evaluation week
on the three-base instance and focuses on final objective values, RMP growth, and the
number of columns selected per iteration. reports the final root-node objectives
for all four MILP-based selectors together with the baseline.

All three safety-net configurations reduce the objective gap relative to the MILP selec-
tor. This is particularly visible on 10 and 12 January, where the large differences reported
for the MILP selector mostly disappear. On the remaining days, the three safety-net
configurations finish close to one another and remain near the baseline objective value.
Summed over the week, the final objective is 2.85% above the baseline for MILP-GN,
2.64% for MILP-TN, and 3.15% for MILP-TC. MILP-TN has the smallest aggregate
difference, although none of the three configurations is uniformly best on every individual
day. The MILP selector is 233.13% above the baseline, primarily due to the results on
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Figure 5.2: Root-node objective trajectories for the baseline and the MILP selector on three
representative days. Objective values are shown on a logarithmic scale.

Table 5.4: Final root-node objective values for the baseline and four expert-guided configura-
tions.

Objective value (€)
Day Baseline MILP MILP-GN MILP-TN  MILP-TC

2024-01-08  11,386.20  16,406.46  12,148.50  11,915.31 12,389.43
2024-01-09 162,878.44 181,525.76 164,254.10 164,484.59 164,737.64
2024-01-10 9,745.42  552,922.56  10,639.75 10,543.28  10,550.65
2024-01-11 13,167.34  16,585.79  14,475.75 14,251.46  14,651.11
2024-01-12  12,943.64 100,977.01 15,012.71 14,204.30  14,624.35
2024-01-13  67,630.87  71,124.35  69,055.24  69,846.81  69,311.92
2024-01-14 6,393.47 7,030.13 6,655.69 6,408.93 6,826.92

10 and 12 January. reports the corresponding final RMP sizes and the average
number of columns selected per iteration. In this comparison, selected columns are the
duties ultimately added to the RMP in an iteration. For MILP-GN and MILP-TN, this
includes both the initial expert selection and the later safety-net additions.

The lower objective values of the safety-net configurations coincide with larger selected
subsets and larger final RMPs than for the MILP selector. Across the evaluation days, the
baseline’s average number of selected columns per iteration ranges from approximately
1,100 to 1,500, whereas the corresponding daily averages for the MILP selector lie between
55 and 84. MILP-GN selects the broadest expert-guided subsets, with daily averages
between approximately 167 and 296 columns per iteration. MILP-TN and MILP-TC lie
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Table 5.5: Final RMP size and average number of selected columns per iteration for the
baseline and four expert-guided configurations. The GN, TN, and TC denotes the three safety-
net configurations.

Final RMP size Average selected columns
Day Baseline MILP GN TN TC Baseline MILP GN TN TC

2024-01-08 17021 2152 4811 3050 3653 1263.6 55.1 2323 133.2 1528
2024-01-09 14772 2760 3738 3184 3574 1201.5 64.9 166.8 140.0 157.8
2024-01-10 12258 2408 3804 2734 3086 1123.5 72.8 200.1 1244 148.1
2024-01-11 14150 2218 5312 3003 3538 1459.2 71.9 296.3 154.5 169.9
2024-01-12 19671 3031 6264 3318 4061 1518.9 68.9 260.5 153.1 176.3
2024-01-13 16127 1981 4491 2992 3279 1509.2 83.6 218.4 151.8 168.7
2024-01-14 9694 1410 3003 2031 2281 1201.2 57.1 1849 134.7 1455

between MILP-GN and the MILP selector. Their final RMP are correspondingly larger
than that of the MILP selector, but remain substantially smaller than the baseline RMP
on every day. The safety mechanisms therefore recover much of the objective difference
without returning the RMP to its baseline size.

shows how these aggregate differences develop over the root-node iterations.
On 10 January, all three safety-net configurations continue beyond the objective level at
which the MILP selector remains for much of the run. Their trajectories then move into
the same final objective range as the baseline. On 12 January, the safety-net configurations
also avoid the prolonged higher objective level visible for the MILP selector. On 14
January, the final objectives already lie close together, but the safety-net configurations
exhibit a shorter tail than the MILP selector.

The total RMP time, shown in [Figure 5.4] is higher for each safety-net configuration
than for the MILP selector. MILP-GN has the highest RMP time on every day, which is
consistent with its larger selected subsets and final RMPs. MILP-TN and MILP-TC are
closer to one another across the week. MILP-TN additionally requires the intermediate
RMP re-optimization shown by the semi-transparent portion of the bars, while MILP-
TC has no corresponding component. Despite this difference in procedure, their final
objective values and RMP sizes remain close.

illustrates the development of the RMP on 12 January. shows
that the baseline adds the largest number of columns throughout the root node and
consequently maintains the largest RMP. The MILP selector remains at the other end
of the comparison, with small additions and the smallest RMP. The three safety-net
configurations fall within the range between these two approaches. Although they select
more columns per iteration than the MILP selector, as shown in [Figure 5.5b] their RMP
pools remain considerably smaller than the baseline pool. The downward steps in the
RMP-size trajectories occur when column management removes inactive columns.

Taken together, MILP-TN and MILP-TC provide the closest balance between final
objective, selected subset size, and RMP time. MILP-TC is retained for the remaining
experiments. Its objective values and RMP sizes are comparable to MILP-TN, while it
does not require an intermediate re-optimization. Consequently, its labels follow directly
from one expert solve and provide a clearer target for supervised learning. In particular,
the selected set does not depend on a second round of column additions after the expert
solve. This is a step that a supervised model would not observe when imitating the expert.
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Figure 5.3: Root-node objective trajectories for the baseline, the MILP selector, and the three
safety-net configurations. Objective values are shown on a logarithmic scale.
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Figure 5.4: Total root-node RMP time for the four expert-guided configurations. The semi-
transparent portion denotes the intermediate re-optimization used by MILP-GN and MILP-TN.

5.2.3 Effect of the task-disjoint filter

Before turning to the longer performance evaluation, the role of the task-disjoint filter
is examined for the retained MILP-TC selector. As described in [Section 4.3] the filter
processes the columns returned by pricing in reduced-cost order. It retains the first column
and removes a later candidate when its similarity with a column retained earlier from
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Figure 5.5: Development of the restricted master problem on 12 January 2024 for the baseline
and four expert-guided configurations. shows the RMP size over iterations and

the number of selected columns per iteration.

the same pricing output reaches the configured threshold. The retained pricing output
is then passed to the expert solve. In the comparison without the filter, the complete
raw pricing output is passed to MILP-TC instead, while the expert selection rule itself
remains unchanged. reports the final root-node objectives for MILP-TC with
and without the filter over the first evaluation week.

Table 5.6: Final root-node objective values for MILP-TC with and without the task-disjoint
filter.

Day With filter objective (€) Without filter objective (€)
2024-01-08 12,389.43 12,478.56
2024-01-09 164,737.64 164,231.35
2024-01-10 10,550.65 10,320.24
2024-01-11 14,651.11 14,299.65
2024-01-12 14,624.35 14,395.82
2024-01-13 69,311.92 68,829.36
2024-01-14 6,826.92 6,552.83

Removing the filter produces a lower objective on six of the seven days. The daily dif-
ferences are small relative to the objective values, with the largest absolute differences
occurring on 9 and 13 January. The objective with the filter is lower only on 8 January.
Across the full week, removing the filter decreases the total objective by 0.68%. [Table 5.7]
complements this comparison with the final RMP size and the average number of selected
columns per iteration.

The difference in objective is accompanied by a clearer difference in RMP composition.
Without the filter, the average final RMP contains 4,169 columns compared with 3,353
when the filter is applied, an increase of approximately 24%. The average number of
selected columns per iteration rises from 163 to 225, an increase of approximately 38%.
This pattern occurs on every day in the comparison. The expert that does not use the filter
therefore selects a broader subset and ends with a larger RMP, while the corresponding
objective reduction remains below 1% over the week.

shows these differences over the iterations of 12 January. reports

the number of columns returned by pricing in each iteration and the number retained after
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Table 5.7: Final RMP size and average number of selected columns per iteration for MILP-TC
with and without the task-disjoint filter.

Final RMP Average selected columns
Day With filter Without filter With filter ~Without filter
2024-01-08 3653 5083 154.90 212.10
2024-01-09 3574 4333 161.70 244.00
2024-01-10 3086 3897 150.20 216.90
2024-01-11 3538 4326 173.20 250.70
2024-01-12 4061 5210 179.10 243.40
2024-01-13 3279 3910 173.40 227.60
2024-01-14 2281 2424 149.30 182.50

the task-disjoint rule. The rule substantially reduces this candidate pool before it is passed
to the expert. then compares the number of columns selected per iteration
with and without the filter. The expert that does not use the filter selects more columns,
and this difference accumulates over the root-node iterations.
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Figure 5.6: Effect of the task-disjoint filter on 12 January 2024 under MILP-TC.
shows the number of generated columns per iteration before the filter and the number remaining
after filtering. shows the number of columns selected per iteration with and without
the filter.

The task-disjoint filter is retained for the subsequent experiments. The weekly objective
difference is limited, while the filter reduces both the number of columns selected by the
expert and the size of the candidate set used for expert labeling and model training.

5.2.4 Performance of the selected MILP configuration

The preceding comparisons select MILP-TC with the task-disjoint filter as the expert-
guided configuration for further evaluation. That configuration is now compared with the
baseline over the two-week window from 8 to 21 January 2024, first on the three-base
instance and then on the six-base instance.

For compactness, the tables use short labels for the selectors under comparison. B-S
denotes the baseline selector. E-S denotes the expert-guided selector, that is, MILP-TC
with the task-disjoint filter. For the full-day experiments, H-S denotes a hybrid strategy
that applies E-S throughout the root node and returns to B-S after the first dive. Unless
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stated otherwise, percentage changes are reported relative to B-S. The root-node analysis
remains the primary evaluation. The full-day and hybrid results examine whether the
column-selection decisions made at the root remain visible once diving begins.

The timing comparisons include RMP and pricing time. The time required to construct
and solve the expert MILP is excluded because the expert is intended to be replaced by
a fast learned prediction. Total time therefore equals RMP time plus pricing time. The
reported values measure the computational effect of the selected column pools and do not
represent the end-to-end runtime of the expert-guided selector.

5.2.4.1 Root node

compares B-S and E-S at the root node on the three-base instance. The table
reports the number of iterations, the final RMP size, and the final objective value for each
planning day together with the corresponding percentage differences.

Table 5.8: Root-node comparison of the baseline (B-S) and the expert-guided selector (E-S) on
the three-base instance. The total row sums iterations and objective values and averages final
RMP size. Percentage changes in the total row are recomputed from these total-row values, not
averaged over days.

Iterations Final RMP size Objective value (€)
Day B-S ES A (%) B-S ES A %) B-S E-S A (%)

08-01 32 72 125.00 17,021.00 3,653.00 -78.54 11,386.20 12,389.43 8.81
09-01 26 42 61.54 14,772.00 3,574.00 -75.81 162,878.44 164,737.64 1.14
10-01 43 73 69.77 12,258.00 3,086.00 -74.82 9,745.42 10,550.65 8.26
11-01 36 54 50.00 14,150.00 3,538.00 -75.00 13,167.34 14,651.11 11.27
12-01 29 64 120.69 19,671.00 4,061.00 -79.36 12,943.64 14,624.35  12.98
13-01 22 37 68.18 16,127.00 3,279.00 -79.67 67,630.87 69,311.92 2.49
14-01 23 39 69.57  9,694.00 2,281.00 -76.47 6,393.47 6,826.92 6.78
15-01 26 48 84.62 13,684.00 3,573.00 -73.89 69,132.42 70,846.52 2.48
16-01 24 39 62.50 14,267.00 3,334.00 -76.63 114,823.88 116,202.39 1.20
17-01 40 54 35.00 14,461.00 3,515.00 -75.69 25,307.83 27,439.29 8.42
18-01 25 41 64.00 17,634.00 4,069.00 -76.93 183,209.00 185,405.79 1.20
19-01 19 32 68.42 16,451.00 3,366.00 -79.54 225,030.10 226,533.51 0.67
20-01 18 28 55.56  15,877.00 3,152.00 -80.15 224,103.60 225,672.12 0.70
21-01 22 42 90.91 10,726.00 2,480.00 -76.88 69,760.46 70,142.83 0.55

Total 385 665 72.73% 14,770.93 3,354.36 -77.29% 1,195,512.67 1,215,334.47 1.66%

E-S produces a smaller final RMP on every planning day. The daily reduction ranges
from approximately 74% to 80%, resulting in an average reduction of 77.29%. The final
objective is higher under E-S on every day, although the size of the difference varies. The
largest daily differences occur during the first week, while most days in the second week
remain within 2.5% of B-S. Across the full period, the overall objective is 1.66% higher
for E-S. The number of iterations increases on every day and is 72.73% higher in total.

turns to the computational side of the comparison. reports
average time per root-node iteration, and the corresponding totals over the
full root-node procedure.

The smaller RMP is also visible in the average time per root-node iteration. E-S has a
lower RMP time per iteration on every day, with an average reduction of 42.44%. Pricing
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Table 5.9: Root-node timing for the baseline (B-S) and the expert-guided selector (E-S) on the
three-base instance. All times are in seconds. reports the average time per iteration,
where the total row represents average values. shows the summed time over the root
node, where the total row represents summed values. Percentage changes in the total rows are
recomputed from the total-row values, not averaged over days.

(a) Time per iteration (s)

RMP Pricing Total
Day B-S E-S A %) BS ES A%) B-S E-S A (%)
08-01 1.78 1.20 -32.58 0.80 0.83 3.75 258 2.03 -21.32
09-01 1.71  0.96 -43.86 0.67 0.67 0.00 2.38 1.64 -31.09
10-01 1.75 1.02 -41.71  0.62 0.60 -3.23 2.38 1.62 -31.93
11-01 2.18 1.25 -42.66 0.93 0.89 -4.30 3.11 2.15 -30.87
12-01 2.11 1.38 -34.60 0.80 0.80 0.00 291 2.18 -25.09
13-01 1.51 0.77 -49.01 0.86 0.90 4.65 237 1.67 -29.54
14-01 1.02 0.56 -45.10 0.60 0.64 6.67 1.62 1.20 -25.93
15-01 1.70 1.01 -40.59 0.74 0.79 6.76 2.44 1.80 -26.23
16-01 1.71 0.95 -44.44 0.72 0.72 0.00 243 1.67 -31.28
17-01  1.71  0.90 -47.37 0.61 0.65 6.56 2.32 1.55 -33.19
18-01 228 1.21 -46.93 0.94 0.84 -10.64 3.22 2.05 -36.34
19-01 1.60 0.79 -50.62 0.72 0.75 4.17 232 1.55 -33.19
20-01 1.30 0.60 -53.85 0.83 0.81 -2.41 214 1.41 -34.11
21-01 1.05 0.57 -45.71 0.69 0.72 435 1.74 1.29 -25.86
Total 1.72 0.99 -42.44% 0.75 0.75 0.00% 246 1.74 -29.27%
(b) Total time (s)
RMP Pricing Total
Day B-S E-S A (%) B-S ES A (%) B-S ES A (%)
08-01 56.93 86.21 51.43 25.48 60.12 135.95 82.41 146.32 77.55
09-01 44.46 40.52 -8.86 17.45 28.29 62.12 61.92 68.81 11.13
10-01 75.45 74.45 -1.33 26.75 43.82 63.81 102.19 118.27 15.74
11-01 78.38  67.75 -13.56  33.60  48.32 43.81 111.98 116.07 3.65
12-01 61.17 88.12 44.06 23.25 51.21 120.26 84.41 139.33 65.06
13-01 33.33 28.60 -14.19 18.88  33.17 75.69  52.20 61.77 18.33
14-01 23.56 21.65 -8.11 13.69 24.97 82.40 37.25 46.63 25.18
15-01 44.30 48.36 9.16 19.25 37.94 97.09 63.55 86.30 35.80
16-01 41.09 37.12 -9.66 17.30 28.11 62.49 58.39 65.23 11.71
17-01 68.32  48.60 -28.86 24.56  34.86 41.94  92.88 83.47  -10.13
18-01 57.02  49.63 -12.96 23.52  34.35 46.05  80.53 83.98 4.28
19-01 30.33 2541  -16.22 13.77 24.04 74.58 44.10 49.45 12.13
20-01 23.47 16.86 -28.16 15.01 22.74 51.50 38.48 39.60 2.91
21-01 23.07 24.10 4.46 15.11 30.09 99.14 38.18 54.19 41.93
Total 660.88 657.38 -0.53% 287.62 502.03 74.55% 948.47 1,159.42 22.24%
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time per iteration is essentially unchanged. Both selectors average 0.75 seconds. Com-
bining both components, average time per iteration decreases by 29.27%.

The total-time comparison has a different outcome because E-S performs more iter-
ations. Total RMP time varies by day and is only 0.53% lower when summed over the
complete period. Total pricing time increases by 74.55%, reflecting the additional pricing
calls. As a result, combined RMP and pricing time is 22.24% higher for E-S despite its
lower time per iteration.

The same root-node comparison is next repeated on the six-base instance.
reports iterations, final RMP size, and objective value for B-S and E-S over the two-week
window.

Table 5.10: Root-node comparison of the baseline (B-S) and the expert-guided selector (E-S)
on the six-base instance. The total row sums iterations and objective values and averages final
RMP size. Percentage changes in the total row are recomputed from these total-row values, not
averaged over days.

Iterations Final RMP size Objective value (€)
Day B-S ES A (%) B-S E-S A (%) B-S E-S A (%)
08-01 67 180 168.66 27,179.00 5,924.00 -78.20 1,392.42 1,617.43 16.16
09-01 31 54 74.19 30,171.00 7,072.00 -76.56 66,023.71 67,712.53 2.56
10-01 42 74 76.19 25,140.00 5,768.00 -77.06 8,934.09 9,463.44 5.93

11-01 34 71 108.82 37,719.00 7,473.00 -80.19 19,623.08 20,959.84 6.81
12-01 37 74 100.00 34,038.00 6,648.00 -80.47 19,684.85 21,331.56 8.37
13-01 26 48 84.62 30,348.00 5,947.00 -80.40 118,388.03 120,048.64 1.40
14-01 29 57 96.55 18,211.00 4,104.00 -77.46 8,489.12 8,670.11 2.13
15-01 29 57 96.55 30,523.00 6,787.00 -77.76 68,962.78 70,533.55 2.28
16-01 32 49 53.12  28,412.00 6,497.00 -77.13 74,000.07 75,423.42 1.92
17-01 34 65 91.18 23,130.00 6,036.00 -73.90 25,051.23 25,780.05 2.91
18-01 29 45 55.17 41,037.00 8,383.00 -79.57 296,178.62 300,452.38 1.44
19-01 25 43 72.00 30,714.00 6,795.00 -77.88 141,189.60 144,270.92 2.18
20-01 23 40 73.91 30,884.00 5,819.00 -81.16 133,417.84 144,609.59 8.39
21-01 28 44 57.14  20,324.00 4,469.00 -78.01 24,526.22 25,530.56 4.09

Total 466 901 93.35% 29,130.71 6,265.86 -78.49% 1,005,861.66 1,036,404.02 3.04%

The six-base instance shows the same ordering between the two selectors. E-S reduces
the final RMP on every day, with daily reductions between approximately 74% and 81%.
The average reduction of 78.49% is close to that observed for the three-base instance.
Objective values remain within 10% of B-S on all but the first day and increase by 3.04%
overall. The increase in iterations is larger than on the three-base instance. E-S performs
93.35% more iterations over the two-week period.

reports the corresponding timing results for the root-node procedure on
the six-base instance. shows the average time per iteration, while
reports the total times over the complete procedure.

Average RMP time per iteration decreases by 38.39% on the larger instance. Pricing
time per iteration is 11.50% lower, reversing the trend observed on the three-base instance.
The combined reduction in time per iteration is 31.46%), consistent with the observations
for the three-base instance. This indicates that the smaller expert-guided RMP also
reduces the computational effort of an individual iteration at the larger scale.
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Table 5.11: Root-node timing for the baseline (B-S) and the expert-guided selector (E-S)
on the six-base instance. All times are in seconds. reports the average time per
iteration, where the total row represents average values. shows the summed time
over the root node, where the total row represents summed values. Percentage changes in the

total rows are recomputed from the total-row values, not averaged over days.

(a) Time per iteration (s)

RMP Pricing Total
Day B-S E-S A (%) B-S E-S A (%) B-S ES A %)
08-01 15.00 8.91 -40.60 3.99 4.08 226 18.99 13.00 -31.54
09-01 1256  7.80 -37.90 4.65 4.39 -5.59 1722 12.19 -29.21

10-01  12.11 7.26 -40.05 4.20 3.28 -21.90 16.31 10.55 -35.32
11-01  16.36 10.98 -32.89  5.69 4.56 -19.86  22.05 15.54 -29.52
12-01  14.03  9.65 -31.22 494 443 -10.32  18.97 14.08 -25.78
13-01 8.77  4.89 -44.24 396 3.38 -14.65 12.73  8.27 -35.04
14-01 6.05  3.59 -40.66 2.50 2.38 -4.80 855 597 -30.18
15-01 13.75  8.20 -40.36  4.20 3.51 -16.43  17.95 11.71 -34.76
16-01 13,50 7.71 -42.89 4.80 4.15 -13.564 18.30 11.85 -35.25
17-01  10.67  6.45 -39.55  4.24 3.56 -16.04 14.91 10.02 -32.80
18-01  16.68  9.76 -41.49 6.06 4.92 -18.81 22.74 14.68 -35.44
19-01 12.16  6.88 -43.42 395 3.39 -14.18 16.11 10.27 -36.25
20-01 8.59 440 -48.78  3.77 3.15 -16.45 12.36  7.55 -38.92
21-01 5.66  3.21 -43.29 234 240 2.56  8.01 5.61 -29.96

Total 1227 7.56 -38.39% 4.26 3.77 -11.50% 16.53 11.33 -31.46%

(b) Total time (s)

RMP Pricing Total
Day B-S E-S A (%) B-S E-S A (%) B-S E-S A (%)
08-01  1,005.10 1,604.42 59.63 267.02 735.19 175.33 1,272.12  2,339.61 83.91
09-01 389.46 421.34 8.19 144.22 236.85 64.23 533.68 658.18 23.33
10-01 508.47 537.58 5.73 176.37 243.01 37.78 684.84 780.58 13.98
11-01 556.35 779.71 40.15 193.49 323.80 67.35 749.85  1,103.51 47.16
12-01 519.26 714.34 37.57 182.64 327.76 79.46 701.90  1,042.10 48.47
13-01 228.13 234.91 2.97 102.86 162.25 57.74 330.99 397.16 19.99
14-01 175.48 204.78 16.70 72.44 135.59 87.18 247.91 340.37 37.30
15-01 398.88 467.33 17.16 121.78 200.09 64.30 520.65 667.42 28.19
16-01 432.02 37759  -12.60 153.46 203.12 32.36 585.48 580.71 -0.81
17-01 362.76 419.54 15.65 144.20 231.62 60.62 506.96 651.16 28.44
18-01 483.63 438.99 -9.23 175.72 221.60 26.11 659.35 660.59 0.19
19-01 303.99 295.70 -2.73 98.77 145.94 47.76 402.76 441.65 9.66
20-01 197.52 175.90  -10.95 86.80 125.99 45.15 284.32 301.89 6.18
21-01 158.56 141.26  -10.91 65.60 105.44 60.73 224.15 246.70 10.06
Total 5,719.61 6,813.39 19.12% 1,985.37 3,398.25 71.16% 7,704.96 10,211.63 32.53%




Chapter 5. Results 63

As on the three-base instance, this per-iteration reduction does not translate into a lower
total time. The larger number of iterations increases total RMP time by 19.12% and total
pricing time by 71.16%. Consequently, the combined time increases by 32.53%. The larger
instance therefore retains the same main pattern of smaller RMPs and faster individual
iterations alongside a longer root-node trajectory.

To examine whether the average timing results reflect the underlying iterations,
pools the RMP time of every root-node iteration over the two-week period. E-S is shifted
downward relative to B-S on both instances. Whether the selectors are compared by their
means or by their medians, E-S remains lower. The means lie below the medians for both
selectors, indicating some lower-tail asymmetry. This is consistent with the presence of
early iterations in which the RMP is still small. That asymmetry does not change the
conclusion that E-S is faster per iteration. E-S also has a narrower interquartile range,
which is consistent with keeping the RMP smaller throughout the root-node procedure.
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Figure 5.7: Boxplots of RMP time per iteration at the root node for B-S and E-S over the
two-week evaluation period. shows the three-base instance and the

six-base instance. Each box spans the interquartile range, the black horizontal line marks the
median, and the white diamond marks the mean.

5.2.4.2 Full planning day

The root-node results isolate the effect of column selection before diving begins. The
comparison is next extended to the full planning day and includes the hybrid strategy
H-S. [Table 5.12| reports the number of iterations and the final RMP size for B-S, E-S, and
H-S on the three-base instance.

E-S maintains a much smaller RMP throughout the full planning day. Its average
final RMP is 79.01% smaller than for B-S, and a reduction of at least 71% is observed on
every day. This is accompanied by 61.62% more iterations over the evaluation period.

H-S produces a different balance. Since the procedure returns to B-S after the root
node, the RMP grows more quickly during the later column generation segments. Its
average final RMP is therefore 19.06% smaller than for B-S, which is a more moder-
ate reduction than under E-S. The total number of iterations increases by 32.40%, also
substantially less than under E-S.

Table 5.13| reports the corresponding solution-quality measures. The full-day evalu-
ation also permits comparison of uncovered tasks, where a task is counted as uncovered
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Table 5.12: Full-day iterations and final RMP size for the baseline (B-S), the expert-guided
selector (E-S), and the hybrid strategy (H-S) on the three-base instance. The total row sums
iterations and averages final RMP size. Percentage changes in the total row are recomputed
from these total-row values, not averaged over days.

Iterations Final RMP size
Day B-S E-S H—S AE (%) AH (%) B-S E-S H—S AE (%) AH (%)

08-01 95 181 135 90.53 42.11  29,134.00 7,074.00 20,686.00 -75.72 -29.00
09-01 63 116 96 84.13 52.38  29,210.00 6,334.00 24,550.00 -78.32 -15.95
10-01 106 155 158 46.23 49.06 24,116.00 5,657.00 21,901.00 -76.54 -9.18
11-01 94 173 112 84.04 19.15  26,626.00 7,469.00 22,378.00 -71.95 -15.95
12-01 9 141 129 46.88 34.38 37,879.00 6,404.00 26,184.00 -83.09 -30.87
13-01 72 92 83 27.78 15.28 35,303.00 5,727.00 25,944.00 -83.78 -26.51
14-01 66 98 86 48.48 30.30 17,855.00 3,241.00 14,908.00 -81.85 -16.51
15-01 76 127 106 67.11 39.47  25,371.00 5,650.00 23,849.00 -77.73 -6.00
16-01 T 111 94 44.16 22.08 28,778.00 6,078.00 23,670.00 -78.88 -17.75
17-01 97 145 122 49.48 25.77 26,028.00 5,862.00 22,659.00 -77.48 -12.94
18-01 75 131 79 74.67 5.33  32,529.00 7,656.00 28,077.00 -76.46 -13.69
19-01 50 80 67 60.00 34.00 29,769.00 5,892.00 22,753.00 -80.21 -23.57
20-01 42 74 61 76.19 45.24  29,658.00 4,791.00 21,105.00 -83.85 -28.84
21-01 62 107 90 72.58 45.16 16,813.00 3,825.00 16,230.00 -77.25 -3.47

Total 1071 1731 1418 61.62%  32.40% 27,790.64 5,832.86 22,492.43 -79.01% -19.06%

when no assigned duty covers it in the final integer solution. Besides that number, the
table includes the adjusted objective, obtained by removing the large slack cost of un-
covered tasks from the solver objective. These measures are reported separately because
full-day trajectories are path-dependent and can finish with different numbers of uncov-
ered tasks. As the table shows, the uncovered-task counts differ between selectors on
almost every day. Including their large slack costs in the objective comparison would
therefore allow day-to-day differences in task coverage to dominate the comparison of
assignment penalties. The adjusted objective instead makes it possible to examine the
fairness-related assignment costs independently, while the uncovered-task count retains
the coverage information.

These day-to-day differences accumulate over the two weeks. E-S leaves 44 tasks
uncovered compared with 33 for B-S. Its adjusted objective is 20.39% higher overall and
exceeds the B-S value on every day, indicating a higher assignment-penalty cost under the
fairness feedback. H-S leaves 29 tasks uncovered, four fewer than B-S, while its adjusted
objective is 9.21% higher. The daily H-S adjusted objective can be either above or below
B-S, but its overall difference is less than half that of E-S. The hybrid results are therefore
closer to the baseline solution quality than the results obtained when the expert-guided
selector remains active throughout the day.

reports the corresponding timing results for the full-day procedure on the
three-base instance. shows the average time per iteration, while
reports the total times over the complete procedure.

Both expert-guided strategies reduce the computational time of an individual iteration.
Average combined time per iteration decreases by 50.21% for E-S and by 24.90% for H-S.
Most of this reduction comes from the RMP component, which decreases by 61.81% for
E-S and 33.67% for H-S. Pricing time per iteration increases slightly for both strategies.
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Table 5.13: Full-day solution quality for the baseline (B-S), the expert-guided selector (E-S),
and the hybrid strategy (H-S) on the three-base instance. The adjusted objective removes the
slack cost of €50,000 per uncovered task from the solver objective, leaving the assignment penal-
ties from the fairness feedback. The total row sums all values across planning days. Percentage
changes in the total row are recomputed from these total-row values, not averaged over days.

Uncovered tasks Adjusted objective value (€)
Day B-S E-S H-S B-S E-S H-S Ag (%) Ag (%)
08-01 2 2 0 11,937.17 26,647.09 12,243.03 123.23 2.56
09-01 3 4 5 13,211.12 15,461.59 16,363.39 17.03 23.86
10-01 1 1 0 11,177.89  18,757.05  10,658.05 67.80 -4.65
11-01 0 2 1 14,116.42 16,121.62 14,579.48 14.20 3.28
12-01 3 3 0 13,260.16 16,366.51 15,137.92 23.43 14.16
13-01 4 6 5 17,696.77 22,484.97 18,918.89 27.06 6.91
14-01 0 0 0 6,752.95 8,867.02 10,511.95 31.31 55.66
15-01 1 2 1 20,090.76  21,356.40  21,861.57 6.30 8.81
16-01 4 3 2 15,731.95  18,232.19  16,193.58 15.89 2.93
17-01 1 1 2 25,904.72 28,259.01 34,112.99 9.09 31.69
18-01 3 6 3 34,360.67 38,754.84 35,191.04 12.79 2.42
19-01 5 5 5 25,307.27 26,719.22 26,701.16 5.58 5.51
20-01 5 4 4 24943.07 27,136.16  25,393.39 8.79 1.81
21-01 1 5 1 20,379.82  21,670.07  20,472.27 6.33 0.45
Total 33 44 29 254,870.74 306,833.74 278,338.71  20.39% 9.21%

Over the complete evaluation period, E-S reduces total RMP time by 38.27%, while its
additional iterations increase total pricing time by 72.39%. The net result is a 19.35%
reduction in combined time. H-S reduces total RMP time by 12.60% and increases pricing
time by 57.96%, leaving its combined time 0.54% below B-S.
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The full-day comparison is repeated on the six-base instance. again reports
iterations and final RMP size for B-S, E-S, and H-S.

Table 5.15: Full-day iterations and final RMP size for the baseline (B-S), the expert-guided
selector (E-S), and the hybrid strategy (H-S) on the six-base instance. The total row sums
iterations and averages final RMP size. Percentage changes in the total row are recomputed
from these total-row values, not averaged over days.

Iterations Final RMP size
Day B-S E-S H-S AE (%) AH (%) B-S E-S H-S AE (%) AH (%)

08-01 168 403 353 139.88 110.12  72,455.00 16,879.00 61,322.00 -76.70 -15.37
09-01 139 214 159 53.96 14.39 71,585.00 15,829.00 58,110.00 -77.89 -18.82
10-01 157 259 191 64.97 21.66 55,312.00 13,624.00 46,444.00 -75.37 -16.03
11-01 115 2556 192 121.74 66.96 75,507.00 16,268.00 63,605.00 -78.45 -15.76
12-01 120 222 192 85.00 60.00 67,488.00 14,289.00 72,286.00 -78.83 7.11
13-01 95 168 113 76.84 18.95 69,626.00 11,610.00 59,876.00 -83.33 -14.00
14-01 126 224 148 77.78 17.46 38,276.00  7,592.00 31,472.00 -80.17 -17.78
15-01 118 225 168 90.68 42.37 65,531.00 15,512.00 54,048.00 -76.33 -17.52
16-01 129 170 136 31.78 5.43 61,758.00 13,591.00 58,128.00 -77.99 -5.88
17-01 125 236 151 88.80 20.80 44,864.00 13,408.00 45,962.00 -70.11 2.45
18-01 93 199 117 113.98 25.81 89,930.00 17,117.00 63,026.00 -80.97 -29.92
19-01 88 141 118 60.23 34.09 64,802.00 12,849.00 53,415.00 -80.17 -17.57
20-01 82 119 101 45.12 23.17 60,163.00 10,122.00 53,266.00 -83.18 -11.46
21-01 98 211 119 115.31 21.43 35,157.00  9,422.00 31,565.00 -73.20 -10.22

Total 1653 3046 2258 84.27%  36.60% 62,318.14 13,436.57 53,751.79 -78.44% -13.75%

reports uncovered tasks and the adjusted objective for the same three strategies.
As on the three-base instance, the uncovered-task counts differ between selectors on almost
every day. These day-to-day differences accumulate over the two weeks. E-S leaves 57
tasks uncovered compared with 43 for B-S. Its adjusted objective is higher on every day
and increases by 19.35% overall. H-S leaves 44 tasks uncovered, only one more than B-S,
and increases the adjusted objective by 10.19%. Its daily adjusted objective is below B-S
on four days and above it on the remaining ten. As on the smaller instance, the hybrid
strategy remains closer to the baseline solution quality than the strategy that applies
expert-guided selection throughout the full day.

reports the corresponding timing results for the full-day procedure on the
six-base instance. shows average time per iteration, while reports
the total times over the complete procedure.

Average combined time per iteration decreases by 46.46% for E-S and by 23.05% for
H-S. The RMP component again accounts for most of the reduction. Average pricing
time per iteration remains close to B-S for E-S and is 7.66% higher for H-S.

Across the two weeks, E-S reduces total RMP time by 13.91%, while total pricing time
increases by 87.02%. These changes result in a 1.38% reduction in combined time. H-S
reduces total RMP time by less than 1% and increases pricing time by 47.25%, producing a
5.12% increase in combined time. The larger instance therefore shows the same reductions
in RMP size and per-iteration time, while the full-day totals remain close to the baseline.
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Table 5.16: Full-day solution quality for the baseline (B-S), the expert-guided selector (E-S),
and the hybrid strategy (H-S) on the six-base instance. The adjusted objective removes the slack
cost of €50,000 per uncovered task from the solver objective, leaving the assignment penalties
from the fairness feedback. The total row sums all values across planning days. Percentage
changes in the total row are recomputed from these total-row values, not averaged over days.

Uncovered tasks Adjusted objective value (€)
Day B-S E-S H-S B-S E-S H-S Ag (%) Ag (%)
08-01 7 2 1 5,298.33 8,431.43 3,915.63 59.13 -26.10
09-01 4 4 1 17,674.11 21,998.49 29,756.05 24.47 68.36
10-01 1 6 1 21,893.90  26,423.48  10,980.24 20.69 -49.85
11-01 1 3 3 20,975.79 29,559.25 21,419.78 40.92 2.12
12-01 3 1 3 20,940.91  27,344.62  25,358.05 30.58 21.09
13-01 7 4 3 20,067.62 28,518.71 20,400.18 42.11 1.66
14-01 3 1 1 9,546.97 12,113.70 10,522.11 26.89 10.21
15-01 3 8 4 2150836 27,089.85  22,065.17 25.95 2.59
16-01 3 4 6  25,666.23  28,615.09  29,580.68 11.49 15.25
17-01 1 2 3 3145728  32,322.59  28,596.85 2.75 -9.09
18-01 5 10 7 52,132.65 52,984.73 50,251.68 1.63 -3.61
19-01 3 8 4 43,582.25 51,013.53 44.,147.38 17.05 1.30
20-01 2 4 6  37,726.29  48,087.75  65,673.79 27.46 74.08
21-01 0 0 1 26,761.43  29,452.06  28,755.45 10.05 7.45
Total 43 57 44  355,232.12 423,955.28 391,423.04 19.35%  10.19%

gives the corresponding per-iteration distributions for the full planning day.
As at the root node, the mean and median again agree closely. On both instances,
E-S lies below H-S, and H-S lies below B-S, under both measures. The E-S and H-S
distributions also have generally narrower interquartile ranges than B-S. This supports
the interpretation from the timing tables. Limiting RMP growth lowers the computational
effort of an iteration, with the strongest effect under E-S.
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Figure 5.8: Boxplots of RMP time per iteration over the full planning day for B-S, E-S, and H-S
over the two-week evaluation period. shows the three-base instance and [Figure 5.8

the six-base instance. Each box spans the interquartile range, the black horizontal line marks
the median, and the white diamond marks the mean.
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(B-S), the expert-guided selector (E-S), and the

ine
hybrid strategy (H-S) on the six-base instance. All times are in seconds. [Table 5.17al reports

ing for the basel

11

Full-day ti

Table 5.17

b| shows
the summed time over the full planning day, where the total row represents summed values.

Percentage changes in the total rows are recomputed from the total-row values, not averaged

over days.

the average time per iteration, where total row represents average values.
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The expert evaluation on both instances yields a consistent picture. E-S reduces the root-
node RMP by approximately 77-78% and lowers time per iteration by approximately
29-31%. The overall root-node objective remains within 4% of the baseline, but the
number of iterations and total root-node time increase. During the full-day evaluation,
E-S retains a similarly small RMP and lowers time per iteration, yet these computational
gains come with a clear quality cost. Its adjusted objective is approximately 19-20% above
the baseline, and it also leaves more tasks uncovered than B-S on both instances. H-S
produces smaller reductions in final RMP size, while its adjusted objective gap remains
limited to approximately 9-10% and its uncovered-task counts stay close to the baseline.
The hybrid strategy therefore recovers much of the computational benefit of expert-guided
selection at the root without the same degradation in solution quality over the full planning
day.

5.3 Machine learning column selection

This section evaluates whether a supervised model can imitate the expert-guided selec-
tor and whether the resulting learned policy improves column generation. The models
are trained on decisions from root-node iterations of the three-base instance. The in-
loop experiments then evaluate both root-node deployment and deployment over the full
planning day.

The training data consist of bipartite column—constraint graphs collected from expert-
guided runs. Each graph corresponds to one root-node iteration, and each candidate
column receives the binary label implied by the expert selection. The collection period
from 8 January to 2 June 2024 contains 147 planning days and 6,896 graphs in total.
These graphs contain 9,502,314 candidate columns, with an average of 1,378 candidates
per iteration. The expert selects 1,162,015 columns, which corresponds to a positive
rate of 12.2%. Following the chronological split in [Table 5.2 the training, validation,
and test sets comprise 4,953, 621, and 1,322 graphs respectively, covering 15, 2, and 4
weeks with no gap between consecutive periods. Classification metrics in this section are
reported on the training and validation graphs. The held-out test graphs are reserved for
inference-time measurement and are not used for model selection.

5.3.1 Initial model comparison

The initial comparison considers plain logistic regression, two aggregated logistic regres-
sion variants, and GNNs with one to four message-passing layers. For both aggregated
LR and GNN, models are evaluated with mean aggregation and with the combined mean,
maximum, minimum, and sum variant denoted by M-M-M-S. The GNN comparison ad-
ditionally includes attention-based variants. reports classification performance
on the training and validation periods. Recall, true negative rate (TNR), precision, and
balanced accuracy (bal. acc.) use a prediction threshold of 0.5. AUC-PR is independent of
this threshold and is particularly informative for the imbalanced labels in this experiment.

All GNN variants improve substantially over logistic regression. Validation AUC-PR
increases from 0.164 for LR and 0.254 for the stronger aggregated LR model to values
between 0.421 and 0.606 for the GNNs. Increasing message-passing depth is accompanied
by higher validation AUC-PR within each GNN family. At the same depth, M-M-M-S
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Table 5.18: Training and validation classification metrics under the initial hyperparameter
settings.

Recall (%) TNR (%)  Precision (%) Bal. acc. (%) AUC-PR

Model Train Val Train Val Train Val Train Val Train Val
LR 53.6 52.2 61.6 61.2 16.4 15.7 57.6  56.7 0.171 0.164
Agg-LR (mean) 64.3 64.7 59.6 58.6 18.3 17.8 62.0 61.6 0.214 0.209
Agg-LR (M-M-M-S) 69.5 67.7 61.3 63.4 20.2 20.4 65.4 65.6 0.256 0.254
1L-mean 72.8 T71.2 71.7 73.0 26.6 26.7 72.2 721 0424 0.421
2L-mean 74.9 75.8 75.3 73.9 29.9 28.7 75.1 749 0.518 0.511
3L-mean 76.3 T77.3 774 76.3 32.2 31.1 76.8 76.8 0.554 0.551
4L-mean 78.6 T78.8 76.7 76.6 32.2 31.8 77.6 777 0.569 0.567
1L-M-M-M-S 72.2 70.7 72.7 73.9 27.1 27.3 72.4 723 0.431 0.426
2L-M-M-M-S 75.2 75.6 77.0 76.2 31.5 30.5 76.1  75.9 0.534 0.528
3L-M-M-M-S 78.1 784 78.7 783 34.1 33.3 78.4 783 0.582 0.577
4L-M-M-M-S 81.2 81.5 777778 33.9 33.7 79.5 79.6 0.607 0.606
1L-attention 71.4 70.0 72.9 T74.2 27.1 27.3 72.2 721 0.426 0.423
2L-attention 74.0 75.3 77.4 755 31.5 29.9 75.7 75.4 0.528 0.521
3L-attention 774 79.1 77.8 76.2 33.0 31.5 77.6 776 0570 0.568
4L-attention 78.5 788 78.4 787 33.9 33.8 78.5 787 0.587 0.590

and attention variants score higher than mean aggregation, but these differences remain
small relative to the step from logistic regression to GNN. Train and validation metrics
remain close across architectures, with no pronounced train—validation gap.

The learned selector is called once per column generation iteration. Its classification
performance must therefore be considered together with inference time. reports
the forward-pass latency of the initial models on the held-out test graphs. The labels of
these graphs are not used for this measurement. Using the held-out period to measure
runtime therefore does not influence model selection through classification performance.

Logistic regression variants are substantially faster than the GNNs. The mean and
median are close for every model, indicating that the central latency estimate is not driven
by a small number of slow calls. Among the GNN architectures, inference time increases
with depth and depends strongly on the aggregation mechanism. At four message-passing
layers, the mean-aggregation model averages 12.56 milliseconds per iteration, compared
with 32.55 milliseconds for the attention variant and 65.59 milliseconds for M-M-M-S.

displays the trade-off between mean inference time and validation AUC-PR.
The four-layer mean model reaches a validation AUC-PR of 0.567 at 12.56 milliseconds
per iteration. The four-layer attention model raises AUC-PR to 0.590 while increasing
mean latency to 32.55 milliseconds. The highest AUC-PR of 0.606 is obtained by the
four-layer M-M-M-S model at 65.59 milliseconds per iteration.

The four-layer mean model, indicated by the blue diamond marker, is selected for
tuning. It provides most of the validation improvement obtained by the more elaborate
architectures while retaining a considerably lower inference time. Even the more complex
models require only tens of milliseconds for prediction, which is small relative to the RMP
and pricing times per iteration. Their additional predictive improvement may therefore
still translate into useful in-loop behavior. Nevertheless, the four-layer mean model pro-
vides a suitable starting point for tuning. Tuning each more complex architecture would
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Table 5.19: Inference latency in milliseconds of the initial models on the test graphs. Times

are measured per graph and therefore per column generation iteration.

Model Mean (ms) Median (ms)
LR 0.21 0.21
Agg-LR (mean) 0.22 0.22
Agg-LR (M-M-M-S) 0.32 0.28
1L-mean 3.45 3.55
2L-mean 6.68 6.86
3L-mean 9.54 9.85
4L-mean 12.56 12.93
1L-M-M-M-S 20.16 20.95
2L-M-M-M-S 34.85 35.88
3L-M-M-M-S 49.49 51.42
4L-M-M-M-S 65.59 67.88
1L-attention 8.38 8.22
2L-attention 16.53 16.29
3L-attention 24.39 24.24
4L-attention 32.55 32.61

require additional computational effort, while their gains in validation AUC-PR over the
four-layer mean model remain limited. Evaluating whether those gains justify deploying
the more complex models inside the solver remains a useful direction for further investi-

gation.
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Figure 5.9: Mean inference time per column generation iteration and validation AUC-PR for
the initial models. Color identifies the model family and marker shape identifies message-passing

depth.

shows the training and validation loss of the selected architecture. Both losses
decrease over training and remain close to one another.
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Figure 5.10: Training and validation loss of the four-layer mean GNN under the initial hyper-
parameter settings.

5.3.2 Tuned model performance

A focused search is performed for the selected four-layer mean architecture.
lists the hyperparameter values with which this architecture is tested. Selection is based
only on validation performance. The chosen values are shown in bold.

Table 5.20: Hyperparameter values investigated for the four-layer mean GNN, with chosen
values shown in bold.

Hyperparameter Investigated values

Hidden dimension d;, 64, 128
Dropout probability p 0.1, 0.2, 0.3
Learning rate 5x 1074 1073
Weight decay 1075, 1074

The only modification relative to the initial hyperparameter settings is the increase of the
hidden dimension from 64 to 128. The resulting model has a mean inference time of 23.81
milliseconds per iteration and a median of 24.46 milliseconds, which is 1.85 times slower
than the initial configuration.

The final model is retrained from scratch on the combined training and validation
period. As described in [Section 4.5.4] early stopping is no longer possible because there is
no separate validation period during this final fit. The fixed training budget is therefore
set to 49 epochs, which is the epoch at which early stopping selected the best checkpoint
during hyperparameter search. The test period remains held out until this final model
has been fitted.

reports the final classification scores at threshold 0.5. Performance on
the combined training and validation data is close to performance on the held-out test
period. The test AUC-PR of 0.580 and the test balanced accuracy of 78.5% both exceed
the training and validation scores of the initial four-layer mean model in [Table 5.18|

shows the training loss during the final 49-epoch fit. No validation curve
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Table 5.21: Training and test classification metrics of the tuned four-layer mean GNN.

Set Recall (%) TNR (%) Precision (%) Bal. acc. (%) AUC-PR

Train 82.9 74.2 31.1 78.5 0.591
Test 81.9 75.0 30.5 78.5 0.580

is available for this run because the former validation period is included in the training
data. The loss decreases steadily and follows a similar trajectory to the training curve
in [Figure 5.10, which suggests that optimization during final retraining proceeded in a
comparable way despite the absence of a separate validation split.
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Figure 5.11: Training loss of the tuned four-layer mean GNN during the final fit on the
combined training and validation period.

The prediction threshold determines the balance between recovering expert-selected columns
and retaining columns that the expert rejects. reports this trade-off on the
combined training and validation data and on the test data. AUC-PR is omitted because
it is calculated from the complete ranking and does not change with the threshold.

Lower thresholds recover a larger share of the columns selected by the expert, but
they also accept more negative examples. Test recall decreases from 99.0% at threshold
0.1 to 29.4% at threshold 0.9. Conversely, both test TNR and precision increase with the
threshold, from 28.5% to 98.7% and from 15.7% to 74.7% respectively. Bal. acc. is highest
at threshold 0.5 for both reported sets.

Recall directly measures the fraction of expert-selected columns that is recovered by
the model. It is therefore the clearest signal of how closely the learned model imitates
the positive decisions of the expert. reports recall at threshold 0.5 over
the root-node iteration sequence for LR and the tuned GNN. Each point represents one
planning-day and iteration pair for which the expert selects at least one column. The solid
curves show the mean within quantile bins of the iteration number, grouping iterations
at similar positions in the sequence so that the trend over the course of a solve can be
read more easily than from the individual points alone. LR recall drops sharply after the
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Table 5.22: Training and test classification metrics of the tuned four-layer mean GNN at
different prediction thresholds.

Prediction threshold

Set Metric 0.1 0.3 0.5 0.7 0.9
Train  Recall (%) 99.2 93.8 829 639 29.7
TNR (%) 27.0 543 742 89.0 98.7

Precision (%) 16.1 224 31.1 45.0 75.7
Bal. acc. (%) 63.1 741 785 765 64.2

Test  Recall (%) 99.0 932 819 631 294
TNR (%) 285 556 75.0 89.4 98.7
Precision (%) 15.7 22.0 30.5 44.3 74.7
Bal. acc. (%) 638 744 785 762 64.0

first root-node iterations and subsequently recovers toward the end of the observed range.
The lowest part of this curve identifies a section of the trajectory in which LR recovers
relatively few expert-selected columns. The tuned GNN follows a smoother pattern. Its
recall gradually decreases as the iteration number rises and does not show the same
pronounced drop.
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(a) Plain logistic regression (b) Tuned four-layer mean GNN

Figure 5.12: Test recall at prediction threshold 0.5 over the root-node iteration sequence.

shows plain logistic regression and the tuned four-layer mean GNN.
Points represent individual planning-day and iteration pairs. The solid curves show binned mean
recall.

aggregates recall at the same threshold of 0.5 by test day. Both models remain
reasonably stable across the test period. The GNN curve lies above the LR curve on the
test days, consistent with the higher overall recall reported for the tuned model.

5.3.3 Learned selector in the column generation loop

The tuned model is next evaluated inside the column generation loop over the period from
6 May to 30 June 2024. The tables use the same compact notation as the expert-guided
evaluation. B-S denotes the baseline selector and E-S denotes the expert-guided selector.
G-S denotes the GNN selector, where candidate columns are added when their predicted
probability is at least 0.5. H-E-S applies E-S throughout the root node and returns to
B-S after the first dive. H-G-S follows the same hybrid construction with G-S at the root
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Figure 5.13: Test recall at prediction threshold 0.5 per planning day for plain logistic regression
and the tuned four-layer mean GNN.

node. Percentages report the change from B-S for every metric, except uncovered tasks,
which use absolute differences.

The root-node comparison includes B-S, E-S, and G-S. The full-day comparison in-
cludes B-S, E-S, H-E-S, and H-G-S. This distinction evaluates the learned selector directly
in the setting on which it was trained and then tests whether its root-node decisions re-
main visible when baseline selection resumes during diving.

5.3.3.1 Root node

Table 5.23| reports period totals for iterations and total time, together with averages of
final RMP size and of RMP, pricing, and combined time per iteration. E-S increases the
number of iterations by 75.61%, while G-S limits this increase to 17.48%. Both selectors
reduce the final RMP size. The reduction is 77.91% for E-S and 64.35% for G-S.

Table 5.23: Root-node efficiency over the learned-selector evaluation period on the three-base
instance. Time per iteration and final RMP size are averages. Other values are period totals.

Metric B-S E-S G-S Ag (%) Ag (%)
Number of iterations 1,648 2,894 1,936 75.61 17.48
Final RMP size 22,454.98 4,960.82  8,005.98 -77.91 -64.35
RMP time per iteration (s) 1.95 1.16 1.39 -40.51 -28.72
Pricing time per iteration (s) 0.86 0.87 0.88 1.16 2.33
Total time per iteration (s) 2.81 2.03 2.28 -27.76 -18.86
Total RMP time (s) 3,207.84 3,365.81 2,698.24 4.92 -15.89
Total pricing time (s) 1,418.79 2,509.04 1,713.31 76.84 20.76
Total time (s) 4,626.73 5,874.87 4,411.61 26.98 -4.65

The smaller RMPs reduce RMP time per iteration for both alternative selectors. Total
time per iteration decreases by 27.76% for E-S and by 18.86% for G-S. The additional
iterations under E-S raise its total time by 26.98%. G-S instead reduces total time by
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4.65% because its smaller reduction in time per iteration is accompanied by a much smaller
increase in iterations.

reports the root-node objective separately from the computational metrics.
E-S increases the period total by 2.98%. The objective under G-S is 0.89% above B-S.

Table 5.24: Root-node objective values over the learned-selector evaluation period on the
three-base instance.

Metric B-S E-S G-S Ag (%) Ag (%)
Objective value (€) 9,897,338.87 10,192,486.91 9,985,835.28 2.98 0.89

shows the root-node RMP-time distributions over the longer learned-selector
evaluation period. For all three selectors, the mean is close to the median. Under both
measures, E-S is below G-S and G-S is below B-S. Both E-S and G-S also have a narrower
interquartile range than B-S, with the largest reduction under E-S. This is consistent with
the relation between smaller RMPs and lower time per iteration.
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Figure 5.14: Boxplots of RMP time per iteration at the root node for B-S, E-S, and G-S
over the learned-selector evaluation period on the three-base instance. Each box spans the
interquartile range, the black horizontal line marks the median, and the white diamond marks
the mean.

5.3.3.2 Full planning day

Table 5.25 extends the comparison over the full planning day. E-S performs 81.12%
more iterations than B-S. The increase falls to 40.69% for H-E-S and 12.91% for H-G-S.
E-S retains the smallest final RMP. Both hybrid strategies finish with an RMP that is
approximately one quarter smaller than the baseline RMP.

All three alternatives lower total time per iteration. E-S has the largest reduction at
48.08%, followed by H-E-S at 26.28% and H-G-S at 20.19%. Over the complete period,
E-S reduces total time by 5.90% and H-G-S by 10.11%. H-E-S increases total time by
3.58%.
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Table 5.25: Full-day efficiency over the learned-selector evaluation period on the three-base
instance. Time per iteration and final RMP size are averages. Other values are period totals.

Metric B-S E-S H-E-S H-G-S Ag (%) AH.E (%) AHx.c (%)
Number of iterations 4,269 7,732 6,006 4,820 81.12 40.69 12.91
Final RMP size 39,412.66 8,241.34 29,301.32 29,779.34 -79.09 -25.66 -24.44
RMP time per iteration (s) 2.63 1.11 1.72 1.96 -57.79 -34.60 -25.48
Pricing time per iteration (s) 0.49 0.52 0.58 0.53 6.12 18.37 8.16
Total time per iteration (s) 3.12 1.62 2.30 2.49 -48.08 -26.28 -20.19
Total RMP time (s) 11,225.90  8,553.87 10,350.48  9,433.67 -23.80 -7.80 -15.97
Total pricing time () 2,104.06  3,989.32  3.456.68 254879  89.60 64.29 21.14
Total time (s) 13,329.97 12,543.16 13,807.17 11,982.49 -5.90 3.58 -10.11

Solution quality is reported separately in [Table 5.26] The adjusted objective removes the
penalty assigned to uncovered-task slack. E-S leaves 278 tasks uncovered compared with
223 for B-S and raises the adjusted objective by 8.32%. H-E-S leaves 233 tasks uncovered
and has an adjusted objective that is 1.69% higher than B-S. H-G-S leaves 217 tasks
uncovered and its adjusted objective is 0.12% lower than the baseline total.

Table 5.26: Full-day solution quality over the learned-selector evaluation period on the three-
base instance. The adjusted objective removes the slack cost of €50,000 per uncovered task
from the solver objective, leaving the assignment penalties from the fairness feedback. The A
columns report absolute differences for uncovered tasks and percentage change relative to B-S
for adjusted objective.

Metric B-S E-S H-E-S H-G-S Arp Ayg An.qa
Uncovered tasks 223 278 233 217 55 10 —6
Adjusted objective (€) 3,232,910.80 3,501,798.38 3,287,431.65 3,229,040.73 8.32% 1.69% -0.12%

shows the full-day RMP-time distributions over the same evaluation period.
As at the root node, the mean and median nearly coincide for every selector. Under
both measures, E-S is lowest, followed by H-E-S, then H-G-S, and then B-S. E-S, H-E-S,
and H-G-S also have narrower interquartile ranges than B-S. This is consistent with the
extent to which each selector limits RMP growth and with the reductions in RMP time
per iteration reported in the table.

5.3.4 Prediction threshold sensitivity
The classification results in show how the prediction threshold changes recall,

TNR, precision, and balanced accuracy outside the solver. The same thresholds are
evaluated inside the column generation loop to determine how this classification trade-
off affects computation and solution quality. At the root node the comparison uses G-S
at each threshold. Over the full planning day it uses the corresponding hybrid H-G-S
configuration, so that baseline selection resumes after the first dive. The tables place the
prediction thresholds in the columns. The results at threshold 0.5 are the same G-S and
H-G-S runs reported in the preceding learned-selector comparison and are repeated here
to make the sensitivity pattern visible.
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Figure 5.15: Boxplots of RMP time per iteration over the full planning day for B-S, E-S,
H-E-S, and H-G-S over the learned-selector evaluation period on the three-base instance. Each
box spans the interquartile range, the black horizontal line marks the median, and the white
diamond marks the mean.

5.3.4.1 Root node

shows that raising the threshold reduces the final RMP size and the time per
iteration. At threshold 0.1 the final RMP is already 25.77% smaller than under B-S, and
the reduction grows to 83.44% at threshold 0.9. Total time per iteration decreases steadily
from —8.19% at threshold 0.1 to —35.94% at threshold 0.9. The number of iterations
moves in the opposite direction. It increases only slightly at the lower thresholds and
then rises sharply, reaching 4+183.68% at threshold 0.9. Period total time therefore does
not improve monotonically. Thresholds 0.1, 0.3, and 0.5 reduce total time by 6.01%,
8.06%, and 4.65% respectively, whereas thresholds 0.7 and 0.9 raise it by 10.69% and
81.68%.

The corresponding root-node objectives are reported in[Table 5.28, The objective also
rises with the threshold. The increase remains below 1% for thresholds 0.1, 0.3, and 0.5.
At threshold 0.7 it reaches 3.05%, and at threshold 0.9 it reaches 26.76%.

5.3.4.2 Full planning day

The full-day pattern in is similar. Higher thresholds continue to shrink the
final RMP and to reduce time per iteration, while the number of iterations increases.
Thresholds 0.3 and 0.5 give the largest reductions in period total time, namely 10.08%
and 10.11%. Threshold 0.1 reduces total time by only 1.45%, threshold 0.7 by 1.32%, and
threshold 0.9 increases it by 19.69%.

Solution quality is reported in [Table 5.30L Thresholds 0.1, 0.3, 0.5, and 0.7 leave
between 217 and 224 tasks uncovered, compared with 223 under B-S. Their adjusted ob-
jectives also remain close to B-S, with differences between —0.12% and 1.75%. Threshold
0.9 stands apart, as it leaves 237 tasks uncovered and raises the adjusted objective by
7.50%. The uncovered-task counts and adjusted objectives do not change monotonically
with the threshold. This again reflects path dependence in the full-day procedure. Differ-
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Table 5.27: Root-node sensitivity to the GNN prediction threshold on the three-base instance.

Metric B-S 0.1 0.3 0.5 0.7 0.9
Number of iterations 1,648 1,683 1,758 1,936 2,372 4,675
A number of iterations (%) 2.12 6.67 17.48 43.93 183.68
Final RMP size 922.454.98 16,667.71 11,522.39 8,005.98 5.464.16 3,718.62
A final RMP size (%) -25.77 -48.69 -64.35 -75.67 -83.44
RMP time per iteration (s) 1.95 1.73 1.54 1.39 1.25 0.87
A RMP time per iteration (%) -11.28 -21.03 -28.72 -35.90 -55.38
Pricing time per iteration (s) 0.86 0.86 0.88 0.88 0.91 0.93
A pricing time per iteration (%) 0.00 2.33 2.33 5.81 8.14
Total time per iteration (s) 2.81 2.58 2.42 2.28 2.16 1.80
A total time per iteration (%) -8.19 -13.88 -18.86 -23.13 -35.94
Total RMP time (s) 3207.84 290374  2702.56 2,698.24 2.961.54 4,058.96
A total RMP time (%) -9.48 -15.75 -15.89 -7.68 26.53
Total pricing time (s) 1,418.79 144502  1,551.03 1,713.31 2,159.63 4,346.89
A total pricing time (%) 1.85 9.32 20.76 52.22 206.38
Total time (s) 4,626.73  4,348.77  4,253.61 4411.61 5121.18 8,405.89
A total time (%) -6.01 -8.06 -4.65 10.69 81.68

Table 5.28: Root-node objective sensitivity to the GNN prediction threshold on the three-base
instance.

Metric B-S 0.1 0.3 0.5 0.7 0.9
Objective value (€) 9,897,338.87 9,907,993.71 9,914,531.23  9,985,835.28 10,198,725.92  12,545,702.99
A objective (%) 0.11 0.17 0.89 3.05 26.76

ent root-node selections can lead to different diving trajectories and therefore to different
uncovered-task counts at the end of the day.

Table 5.29: Full-day sensitivity to the GNN prediction threshold on the three-base instance.

Metric B-S 0.1 0.3 0.5 0.7 0.9
Iterations 4,269 4,446 4,486 4,820 5,567 7,828
A iterations (%) 4.15 5.08 12.91 30.41 83.37
Final RMP size 39,412.66  35,169.55 31,5672.68 29,779.34 29,174.96 27,225.79
A final RMP size (%) -10.77 -19.89 -24.44 -25.98 -30.92
RMP time per iteration (s) 2.63 2.47 2.16 1.96 1.81 1.36
A RMP time per iteration (%) -6.08 -17.87 -25.48 -31.18 -48.29
Pricing time per iteration (s) 0.49 0.49 0.51 0.53 0.56 0.68
A pricing time per iteration (%) 0.00 4.08 8.16 14.29 38.78
Total time per iteration (s) 3.12 2.95 2.67 2.49 2.36 2.04
A total time per iteration (%) -5.45 -14.42 -20.19 -24.36 -34.62
Total RMP time (s) 11,225.90 10,961.65  9,684.05  9,433.67 10,048.57 10,667.70
A total RMP time (%) -2.35 -13.73 -15.97 -10.49 -4.97
Total pricing time (s) 2,104.06  2,175.04  2,302.75 2,548.79  3,106.11 5,286.47
A total pricing time (%) 3.37 9.44 21.14 47.62 151.25
Total time (s) 13,329.97 13,136.65 11,986.75 11,982.49 13,154.65 15,954.16

A total time (%) -1.45 -10.08 -10.11 -1.32 19.69
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Table 5.30: Full-day solution-quality sensitivity to the GNN prediction threshold on the three-
base instance. The adjusted objective removes the slack cost of €50,000 per uncovered task
from the solver objective, leaving the assignment penalties from the fairness feedback. The A
uncovered-tasks row reports absolute differences relative to B-S and the A adjusted-objective
row reports percentage changes relative to B-S.

Metric B-S 0.1 0.3 0.5 0.7 0.9
Uncovered tasks 223 218 224 217 217 237
A uncovered tasks -5 1 —6 —6 14
Adjusted objective (€) 3,232,910.80 3,234,215.80 3,249,813.63  3,229,040.73  3,289,333.98  3,475,459.37
A adjusted objective (%) 0.04 0.52 -0.12 1.75 7.50

5.3.5 Generalizability to larger instance

The learned model is trained only on root-node iterations from the three-base instance.
To examine whether its behavior transfers to a larger problem without retraining, the
in-loop comparison from the preceding subsections is repeated on the six-base instance
over the same period from 6 May to 30 June 2024. The GNN selector uses a prediction
threshold of 0.5.

5.3.5.1 Root node

reports the root-node efficiency results. E-S increases the number of iterations
by 75.04%, whereas G-S remains closer to B-S with an increase of 9.14%. Both selectors
substantially reduce the final RMP. The reductions are 79.43% for E-S and 62.50% for
G-S.

Table 5.31: Root-node efficiency over the learned-selector evaluation period on the six-base
instance. Time per iteration and final RMP size are averages. Other values are period totals.

Metric B-S E-S G-S Ag (%) Ag (%)
Number of iterations 1,783 3,121 1,946 75.04 9.14
Final RMP size 45,849.79  9,430.21 17,191.88 -79.43 -62.50
RMP time per iteration (s) 13.87 8.38 9.87 -39.58 -28.84
Pricing time per iteration (s) 4.38 4.22 4.09 -3.65 -6.62
Total time per iteration (s) 18.25 12.61 13.96 -30.90 -23.51
Total RMP time (s) 24,736.19  26,162.09 19,209.29 5.76 -22.34
Total pricing time (s) 7,807.59 13,184.36  7,957.13 68.87 1.92
Total time (s) 32,543.73  39,346.44 27,166.41 20.90 -16.52

The reduction in RMP size again lowers the computational effort of an individual iteration.
Total time per iteration decreases by 30.90% for E-S and by 23.51% for G-S. The additional
iterations cause E-S to increase period total time by 20.90%. G-S instead reduces total
time by 16.52%. This reduction is larger than the 4.65% observed on the three-base
instance and is driven by G-S remaining closer to B-S in its number of iterations.

[Table 5.32| reports the objective separately. E-S raises the period total by 2.58%, while
G-S increases it by 0.84%.
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Table 5.32: Root-node objective values over the learned-selector evaluation period on the six-
base instance.

Metric B-S E-S G-S Agp (%) Ac (%)
Objective value (€) 13,736,529.92 14,090,410.59 13,851,487.99 2.58 0.84

5.3.5.2 Full planning day

Table 5.33| extends the transfer comparison over the full planning day. H-E-S performs
34.37% more iterations than B-S, while the increase under H-G-S is 6.52%. Both hybrid
strategies finish with an RMP approximately 20% smaller than under B-S.

Table 5.33: Full-day efficiency over the learned-selector evaluation period on the six-base
instance. Time per iteration and final RMP size are averages. Other values are period totals.

Metric B-S H-E-S H-G-S Ap.g (%) Ax.a (%)
Number of iterations 6,069 8,155 6,465 34.37 6.52
Final RMP size 92,151.45 74,057.52 73,790.43 -19.63 -19.92
RMP time per iteration (s) 19.38 13.73 14.87 -29.15 -23.27
Pricing time per iteration (s) 2.17 2.45 2.08 12.90 -4.15
Total time per iteration (s) 21.56 16.17 16.94 -25.00 -21.43
Total RMP time (s) 117,633.31 111,951.06  96,109.25 -4.83 -18.30
Total pricing time (s) 13,187.16  19,939.04  13,426.53 51.20 1.82
Total time (s) 130,820.48 131,890.11 109,535.75 0.82 -16.27

The per-iteration pattern is consistent with the three-base instance. Total time per itera-
tion decreases by 25.00% for H-E-S and by 21.43% for H-G-S. Over the complete period,
H-E-S remains close to B-S with a total-time increase of 0.82%. H-G-S reduces total time
by 16.27%, compared with 10.11% on the three-base instance.

The corresponding solution-quality measures are shown in [Table 5.34] H-E-S leaves
33 more tasks uncovered than B-S and has an adjusted objective that is 1.36% higher.
H-G-S leaves 19 more tasks uncovered and raises the adjusted objective by 1.73%.

Table 5.34: Full-day solution quality over the learned-selector evaluation period on the six-
base instance. The adjusted objective removes the slack cost of €50,000 per uncovered task
from the solver objective, leaving the assignment penalties from the fairness feedback. The A
columns report absolute differences for uncovered tasks and percentage change relative to B-S
for adjusted objective.

Metric B-S H-E-S H-G-S AH—E AH—G
Uncovered tasks 309 342 328 33 19
Adjusted objective (€) 5,327,420.92 5,400,098.58 5,419,602.33 1.36% 1.73%

On the three-base instance, H-G-S left slightly fewer tasks uncovered than B-S and had
a slightly lower adjusted objective. Both differences change direction on the six-base
instance. This variation is consistent with the path dependence of the full-day procedure.
Without having been trained on the six-base instance, G-S again limits RMP growth,
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lowers time per iteration, and stays closer to B-S in the number of iterations than E-S.
The resulting reduction in total time is visible at both the root node and over the full
planning day.
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Chapter 6

Discussion

This chapter discusses whether the machine-learning-based column-selection framework
of Morabit et al.| (2021)) can be transferred to the NS crew planning problem with fairness
over time. The investigation formulates and evaluates an expert MILP selector within the
NS column generation framework. It then trains a graph neural network to imitate its
decisions inside the solver loop. The sections below address the four research questions
in turn and conclude with limitations and directions for future research.

6.1 Expert formulation in the NS setting

The expert MILP can be formulated and applied within the NS column generation frame-
work, but this requires structural adaptations beyond a direct translation of the original
approach. The plain expert MILP without a safety net stalls on certain planning days
and finishes with a root-node objective up to 57 times the baseline value. This pattern is
consistent with the observation of [Morabit et al. (2021)) that the basic expert requires a
supplementary re-optimization step to prevent stalling. In the NS setting, however, the
standard global safety net used in the original work does not transfer well.

The reason lies in the per-template structure of NS pricing. Because duties are gener-
ated separately for each crew member’s roster template, the combined candidate pool is a
union of many template-specific subsets rather than a single global pool. A global safety
net that adds the top fraction of candidates by recomputed reduced cost can leave individ-
ual templates without any newly inserted columns in a given iteration. When a template
receives no new column, its assignment dual barely changes, and that template’s pricing
subproblem will regenerate the same rejected candidates in the next iteration. Rather
than progressing, the algorithm cycles at the template level, while the global objective
appears to move forward for the templates that did receive new columns.

The MILP-TC formulation addresses this issue by incorporating the per-template
coverage requirement directly into the expert MILP. By requiring at least one column from
each template that still has candidates with negative reduced cost, the expert guarantees
progress across all active templates in a single solve. This achieves the same per-template
idea as MILP-TN, but without the second insertion phase that follows re-optimization
in the alternative safety-net variants. The resulting selection therefore comes from one
expert solve, which provides a cleaner target for supervised learning. Objective values
and RMP sizes remain comparable to the other safety-net variants. The design follows

85
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directly from the NS pricing decomposition, in which pricing operates on many parallel
template-specific pools rather than a single unified pool.

6.2 Insights from expert-guided selection

The expert-guided E-S reduces the final root-node RMP by 77.29% on the three-base
instance and 78.49% on the six-base instance. The reduction occurs on every planning day
in the two-week evaluation window. This confirms that NS column generation contains
substantial redundancy even after the task-disjoint filter has removed highly overlapping
candidates. In the three-base configuration comparison, the baseline adds roughly 1,100
to 1,500 columns per iteration, whereas MILP-TC selects an average of 163 columns per
iteration while reaching a similar root-node objective.

Most baseline additions are therefore not present in the final LP solution with positive
weight. They are not without value to the column generation process, however. When
a new column enters the LP basis fractionally during an intermediate iteration, it shifts
which constraints are tight at the optimum. The dual values are shadow prices of those
tight constraints. A basis change therefore alters the dual vector and that altered vector
determines the reduced costs used in the next pricing step.

The broader baseline selection creates more opportunities for columns to enter the
basis and alter the dual vector. The much smaller expert selection is more likely to
produce only a small basis change. Pricing then operates against a similar cost structure
and can regenerate the same candidates. Many baseline columns are eventually displaced
and end up in the final RMP with zero weight, which explains the large redundancy
at convergence. Their value may therefore lie in changing the trajectory during earlier
iterations rather than in the final LP solution.

The smaller column pool reduces combined time per iteration by 29.27% on the three-
base instance and 31.46% on the six-base instance. Most of this reduction comes from the
RMP component, whose solution time decreases by 42.44% and 38.39%, respectively. The
boxplots confirm that E-S has a lower mean and median than B-S in each instance. E-S
also has a narrower interquartile range. The average reduction is therefore not driven by a
few unusually fast early iterations. Pricing time per iteration is unchanged at 0.75 seconds
on the three-base instance. On the six-base instance it decreases by 11.50%, possibly
because the labeling algorithm computes path costs from arc reduced costs that depend
on the dual vector. When duals change little between iterations, the cost landscape is
more predictable and the procedure may terminate earlier. Even so, the pricing reduction
is secondary to the RMP savings.

The per-iteration savings do not translate into lower total root-node time. E-S re-
quires 72.73% more iterations on the three-base instance and 93.35% more on the six-
base instance, raising total root-node time by 22.24% and 32.53%, respectively. Although
MILP-TC requires progress on every active template, it still selects only a few columns per
template each iteration. The large increase in iterations is consistent with marginal basis
changes and insufficient dual movement to steer pricing toward new candidates. Pricing
can then regenerate the same rejected duties, and the additional iterations outweigh the
per-iteration savings.

In a set-partitioning formulation of the type studied by Morabit et al.| (2021), this
cycling is less persistent. Task coverage constraints are equalities, so over-coverage is
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structurally impossible. Every task coverage constraint is therefore binding in a feasible
LP solution, meaning it always carries a nonzero dual by complementary slackness. Even
a sparse column selection therefore creates competition around tight coverage equalities.
In the NS set-covering formulation, over-coverage at the task level is permitted. With a
thin column pool, task constraints can remain feasible with positive surplus at the LP
optimum. By complementary slackness, that non-binding inequality then carries a zero
dual and is removed from the pricing signal. When more competing columns are available,
as under baseline selection, those constraints can instead be driven to their bound and are
then able to contribute to the dual signal. The crew assignment constraints are equalities
in both formulations. They remain binding and are not forced to zero by complementary
slackness. The structural difference therefore originates at the task coverage level.

The per-template pricing decomposition deepens this effect. Each subproblem sees
only its own portion of the dual vector. A stuck template therefore cannot be rescued
by progress elsewhere. The crew assignment equality for each template remains binding,
but its dual signal alone is insufficient when task-level duals are zero. The larger iteration
increase on the six-base instance reflects this at greater scale. More template-specific
subproblems can cycle simultaneously, so the instance may require a broader column
budget to maintain forward progress.

The preceding analysis concerns the root node. The full-day evaluation asks how the
same thin-pool conditions behave once diving begins. After a duty variable is fixed, the
problem is more constrained. A sparse column pool can then leave fewer backup duties
for the segments that follow, and the limited task-level pricing signal may persist. E-S
trajectories have more uncovered tasks and higher adjusted objectives than B-S, which
is consistent with this explanation. These quality differences describe the realized diving
paths. They are not a controlled ranking of selectors by full-day solution quality. On
the computational side, E-S still reduces time per iteration. Total full-day time falls by
19.35% on the three-base instance but only by 1.38% on the six-base instance.

The hybrid strategy (H-S) applies E-S at the root node and returns to baseline selection
during diving. It therefore keeps a compact root-node pool while replenishing alternatives
when the problem becomes more constrained. Its adjusted-objective increases are smaller
than under E-S, and its uncovered-task counts remain close to B-S. Total full-day time
stays near the baseline, at -0.54% on the three-base instance and +5.12% on the six-base
instance.

6.3 Learning to imitate the expert

The supervised GNN model can imitate expert selection decisions in the NS setting with
a test balanced accuracy of 78.5% and a test AUC-PR of 0.580. The improvement over
plain logistic regression is substantial. AUC-PR rises from 0.164 to 0.580. Most of this
gain is already captured by the simplest single-layer GNN. This confirms that the bipartite
graph structure contains information that column features alone cannot encode.

The graph represents the column-constraint relationships in the LP directly. Column
nodes connect to the constraint nodes they participate in. Each constraint aggregates
information about all columns competing for the same task or crew assignment. The
model can therefore distinguish whether a duty covers a hard-to-fill constraint, faces heavy
competition, or would relieve a tight assignment situation. Logistic regression, which
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evaluates each column independently, cannot capture this relational context. Two duties
with similar features and reduced costs can look indistinguishable to logistic regression.
One may cover a nearly uncovered task with a high dual value while the other covers an
abundantly covered task with a near-zero dual. The GNN resolves this ambiguity through
message-passing.

Performance improves with message-passing depth through the four layers evaluated.
The attention and multi-aggregation variants provide modest additional improvement at
higher inference latency, although all predictions still require only tens of milliseconds.
The four-layer mean model was selected as a practical starting point for tuning. The more
elaborate architectures were not tuned or evaluated inside the solver, so their modest
validation gains may still lead to useful in-loop behavior.

The model generalizes well to the held-out test period. Train and test metrics remain
close despite the months separating them. This is practically important because fairness
histories evolve continuously. The model must therefore make reliable predictions across
fairness states that differ from the training distribution. The stability of recall across
planning days supports the conclusion that the model has learned structural properties
of the column-selection problem rather than memorizing patterns tied to specific dates
or histories. The transfer experiment on the six-base instance provides a stronger test of
this conclusion.

A balanced accuracy of 78.5% does not imply that every disagreement with the expert
produces an unusable selection. The expert MILP itself often faces several near-equivalent
columns competing for the same assignment slots. A slightly different column from the
same template can still be structurally useful even though it counts as a binary mismatch
with the expert label. The in-loop analysis in the next section confirm that imperfect
imitation can be beneficial in this setting.

6.4 Computational efficiency of the learned selector

The GNN selector (G-S) achieves a 4.65% reduction in total root-node time while keeping
the objective increase to 0.89% above the baseline. It also reduces the final root-node
RMP by 64.35%. The expert selector, by contrast, raises total root-node time by 26.98%
due to its larger iteration increase of 75.61% versus 17.48% for G-S. The model’s imperfect
imitation passes through somewhat more columns than the strict MILP minimum. This
produces more meaningful dual movement per iteration. It also steers per-template pricing
toward new candidates rather than cycling on the same rejected ones. Each extra column
beyond the minimum contributes to the dual shift that can break the cycling pattern
described earlier.

The transfer to the six-base instance strengthens the evidence that the GNN learns
structural selection behavior. Without retraining, G-S reduces the final root-node RMP
by 62.50% and time per iteration by 23.51%. Its iteration count is only 9.14% above B-S,
compared with 75.04% for E-S. Total root-node time consequently falls by 16.52%, while
the objective remains 0.84% above B-S. Together with the held-out test-period results,
this transfer shows that the model has learned more than instance-specific patterns. The
larger time saving than on the three-base instance arises because G-S stays closer to
the baseline iteration count while still keeping a substantially smaller RMP. That again
reflects a less minimal selection than the strict expert, now visible at larger scale.
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The full-day results show that this computational benefit persists after the procedure
returns to baseline selection during diving. H-G-S reduces total time by 10.11% on the
three-base instance and by 16.27% on the six-base instance. Time per iteration decreases
by 20.19% and 21.43%, respectively. The number of iterations remains only 12.91% and
6.52% above B-S. These runtime reductions are the defensible full-day result. Full-day
quality remains path-dependent. On the three-base instance, H-G-S leaves six fewer tasks
uncovered than B-S and reduces the adjusted objective by 0.12%. On the six-base instance
these differences reverse. H-G-S leaves 19 more tasks uncovered and raises the adjusted
objective by 1.73%. The selectors also differ in uncovered tasks on most individual days.
Root-node quality remains the controlled comparison. There G-S stays close to B-S on
both instances.

The prediction threshold analysis provides further insight into the trade-off between
how many columns the model passes to the solver and overall solver efficiency. Raising
the threshold passes fewer columns to the solver. This reduces RMP size and time per
iteration. Iteration count rises at the same time, following the same trade-off between a
smaller inserted column set and slower overall progress that was argued for sparse expert
selection earlier. Total time therefore does not improve monotonically. The minimum is
achieved around thresholds 0.3 and 0.5. At threshold 0.9, individual iterations are fast,
but iteration count and the root-node objective increase sharply. The 26.76% objective
increase matches the stalling pattern of the basic MILP in the configuration comparison,
confirming that the same sparse-selection mechanism is at work. The optimal threshold
is likely to vary by instance and planning period. Full-day quality also shows no clear
trend with the threshold. Thresholds from 0.1 to 0.7 produce between 217 and 224
uncovered tasks despite steadily changing how many columns are passed to the solver.
This sensitivity amplifies the path-dependence argument. Small root-node differences can
lead to different diving paths and different end-of-day coverage. The results nevertheless
identify a middle range in which the GNN reduces computation time while keeping the
root-node objective close to B-S.

6.5 Limitations and future research

The most fundamental limitation of this study is that it does not resolve the iteration
trade-off. It demonstrates only that the learned selector handles it better than the strict
MILP minimum. Neither the expert nor the current GNN provides an explicit mecha-
nism to detect and respond to template-level stagnation. An adaptive column injection
policy could address this, for example by extending the expert so that stuck templates
receive additional columns while the remaining selection stays minimal. The same idea
can be realized by temporarily broadening the inserted set when pricing progress stalls,
which would restore dual movement without abandoning sparse selection altogether. The
threshold results already hint at such a mechanism. At threshold 0.5, the GNN effectively
implements a soft form of adaptive injection. It lets through more columns when predic-
tion confidence is spread across many candidates. The six-base transfer results support
this direction. There, G-S admits more columns than the strict expert, stays much closer
to the baseline iteration count, and still substantially reduces the RMP.

A second limitation is that all experiments are conducted in the heuristic prototype
solver described. Unlike the case studies of Morabit et al. (2021)), the NS procedure
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terminates the root node through early stopping rather than to a proven LP optimum.
The main performance comparison also retain the task-disjoint filter as a common pre-
filter. Within that setting, the primary analysis and the training of the learned model are
restricted to root-node iterations. Keeping the expert active throughout the full planning
day already shows the cost of the thin pool after diving. Hybrid strategies offer a practical
extension to the full day by returning to the baseline after the first dive. Training or
adapting a selector for the post-dive states themselves remains future work.

Several other directions for future research follow from the results. Dual stabilization is
a classical response to degeneracy in large master problems, and it was not evaluated here.
Selective column insertion already tries to reduce that degeneracy by keeping the RMP
much smaller, but stabilization remains relevant for the baseline. For sparse selection,
the open issue is the other side of the trade-off. The higher iteration counts under sparse
selection, together with the set-covering principle that over-covered task constraints carry
a zero dual, suggest that thin pools weaken the pricing signal. Dual stabilization is
designed to dampen oscillating duals. It cannot create a pricing signal for constraints that
have positive surplus and therefore a true zero dual. A small penalty on over-coverage is
one way to keep more task constraints competitive under sparse selection.

The learning task could also be extended beyond single-step column classification. The
current model cannot reason about how the current column pool affects the trajectory
over subsequent iterations. It also cannot reason about the quality of the final integer
solution. A reinforcement learning formulation could be rewarded on total root-node time
or full-day solution quality. Such a policy could learn strategic trade-offs across iterations.
This thesis provides a necessary foundation by demonstrating that a GNN can represent
the relevant problem structure and produce useful per-iteration predictions.

Another direction is dual value prediction. If a model predicts the dual vector accu-
rately enough, pricing can use those predictions and some RMP solves can be skipped.
The bipartite graph logs already contain the required inputs, and the duals returned by
the LP solver provide continuous regression targets. This is a harder task than binary
column classification. The same predictions could also support learned dual stabilization
in the baseline setting.



Chapter 7

Conclusion

This thesis investigated whether a machine-learning-based column-selection framework
can be transferred to the NS crew planning problem with fairness over time. It also
examined whether the resulting approach can improve the computational efficiency of the
daily column generation while preserving solution quality. The investigation produced
four main findings.

The expert MILP can be formulated and successfully applied in the NS setting, but
only with structural adaptations tailored to the NS problem. The per-template pricing
decomposition, which arises from the fairness-over-time feedback mechanism, demands
that the expert’s safety mechanism operates at the template level rather than globally.
Without such a mechanism, templates can receive no new columns and the procedure
stalls. MILP-TC prevents this by requiring coverage of every active template in the
expert optimization problem. It provides a consistent target for supervised learning and
reduces the root-node RMP by 77.29% on the three-base instance and 78.49% on the
six-base instance. The corresponding objective increases remain limited to 1.66% and
3.04%.

The strict expert is not an effective deployed selector by itself. Its smaller RMP
makes individual iterations faster, but the number of iterations rises enough to increase
total root-node time. This trade-off is consistent with sparse insertion producing little
dual movement and causing pricing to regenerate rejected duties. The NS set-covering
formulation strengthens this mechanism. Over-covered tasks carry a true zero dual, so
they drop out of the pricing signal. Per-template pricing deepens the effect, because a
stuck template cannot be rescued by progress elsewhere. The expert thus reveals both
the amount of removable redundancy and the risk of reducing the column pool too ag-
gressively.

A graph neural network trained on expert-labeled data can imitate the expert’s column-
selection decisions with a test balanced accuracy of 78.5% and a test AUC-PR of 0.580.
The improvement over logistic regression is large and arises primarily from the bipar-
tite graph representation. By encoding the relationships between duties and constraints
directly in the network architecture, the GNN can represent the task coverage, crew
assignment, and template-specific structure of the fairness-over-time planning problem.
This information is unavailable to a model that evaluates each column independently.
Stable performance across held-out months and varying fairness histories indicates that
the network learns structural properties rather than patterns tied to specific planning
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days. Its successful transfer from the three-base training instance to the six-base instance
without retraining provides stronger evidence of this generalization.

The learned selector achieves a better balance. At the root node, G-S reduces total
time by 4.65% on the three-base instance and by 16.52% on the six-base instance. The
corresponding RMP reductions are 64.35% and 62.50%, while the objectives remain 0.89%
and 0.84% above B-S. The larger time saving on the six-base instance arises because G-S
stays closer to the baseline iteration count. The GNN admits more columns than the
strict expert and therefore retains more of the dual movement needed for progress. The
threshold results confirm that the best computational balance lies in a middle range.
Selecting too few columns reduces time per iteration but eventually causes the iteration
count and root-node objective to rise sharply.

The hybrid learned selector extends these savings over the full planning day by using
G-S at the root node and returning to B-S after the first dive. It reduces total time by
10.11% on the three-base instance and by 16.27% on the six-base instance. These runtime
reductions are the defensible full-day result. Final solution quality cannot be used to rank
the selectors because different root-node column pools lead to different diving paths. On
the three-base instance H-G-S ends with slightly fewer uncovered tasks and a slightly
lower adjusted objective than B-S. On the six-base instance both differences reverse.
Threshold sensitivity shows the same non-monotonic variation in uncovered tasks. These
outcomes describe the realized trajectories, not a causal quality advantage of one selector.
Root-node quality remains the controlled comparison.

For NS, three practical implications follow. First, use the expert primarily to generate
labels and to expose structural weaknesses of sparse selection, rather than deploying
its minimal selection as the operational selector. Even if that selection trade-off were
more favorable, repeatedly solving the expert MILP would remain too costly for routine
use. Second, prefer the learned selector at the root node. It keeps a much smaller
RMP, reduces time per iteration, and improves total root-node runtime while remaining
close in objective. Third, if the selector is extended beyond the root node, the hybrid
strategy is the safer full-day setup. It preserves the root-node time savings without
requiring the model to operate outside its training setting. Full-day solution quality should
not be treated as the decision criterion here, because of path dependence. Deployment
should retain a moderate prediction threshold and monitor iteration growth rather than
optimizing only RMP size.

More broadly, the study shows that machine learning can support a repeated decision
inside a combinatorial optimization algorithm without replacing the optimization proce-
dure itself. A graph representation makes this possible in an NS crew planning problem
where duty value depends on task coverage, crew assignment, and fairness history. All
main performance findings were obtained in the heuristic prototype solver with early stop-
ping, diving, and the task-disjoint pre-filter. Extending training to post-dive states and
testing under proven LP convergence remain open. The most direct next step is adaptive
column injection, which can add columns when template-level progress stalls while retain-
ing sparse selection elsewhere. Dual prediction, learned stabilization, and longer-horizon
learning provide further research directions.
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Appendix A

Preliminaries

This chapter introduces the fundamental concepts that form the basis of the methodology
developed in this thesis. It is intended to provide a concise and accessible overview of the
main techniques. The chapter begins with linear programming and column generation.
These form the optimization framework. Then it gives a brief introduction to machine
learning, covering supervised learning, binary classification, and neural networks.

A.1 Column generation

Column generation is designed for linear programs with an extremely large number of
variables, such as those arising in routing, scheduling, or planning problems. In these
applications, each variable can correspond to a feasible plan or route, leading to an ex-
ponential number of possibilities. Enumerating all variables explicitly is computationally
infeasible.

To address this, the full linear program is referred to as the master problem (MP),
which contains all possible variables. In practice, a restricted master problem (RMP) is
solved that contains only a small subset of variables. This initial subset is typically chosen
to ensure that the RMP has a feasible solution, often generated through a simple heuristic
or by including artificial variables. Additional variables, called columns, are generated
iteratively through a pricing subproblem. The dual variables of the RMP provide insight
into which columns could potentially improve the objective. This decomposition into RMP
and subproblems allows large-scale problems to be solved efficiently without enumerating
all variables.

Conceptually, column generation does not create new decisions, but gradually reveals
variables that were already part of the full problem but not yet included. Adding a
column introduces an additional degree of freedom in the primal problem. From the
dual perspective, each primal variable corresponds to a dual constraint. Hence, adding
a column to the RMP also adds a previously omitted dual constraint. The method can
therefore be viewed equivalently as expanding the primal model or tightening the dual
model. A comprehensive overview of the method and its applications can be found in
Desaulniers et al.| (2005)) and |Desrosiers and Liibbecke| (2006)).
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A.1.1 Linear programming and duality

Linear programming provides a mathematical framework for modeling decision problems
with linear objectives and constraints. A standard linear program can be written down

as shown in [Equation A.1l

min c¢'z
reR?
st. Az =0b (A1)
x>0

where € R" denotes the decision variables, ¢ € R"™ the cost vector, A € R™*" the
constraint matrix, and b € R™ the right-hand side of the constraints. The feasible region
defined by these constraints forms a convex polyhedron, and optimal solutions occur at
its extreme points.

Every linear program, which is called the primal, has an associated dual problem.
The dual provides a complementary perspective on the same optimization task by as-
signing a value to each constraint. This value indicates how the objective would change
if that constraint were relaxed. The dual for the linear program above is presented in

Equation A2}

max b'm
TER™ (AQ)
st. ATr<e

The dual variables 7, often called shadow prices, measure the sensitivity of the objective
to changes in the constraints. For instance, in a minimization problem, if m; = 5 for the
first constraint, increasing the resource b; by one unit would reduce the total cost by 5
units. On the other hand, decreasing it by one unit would increase the cost by 5. This
provides a concrete interpretation of the value of each constraint.

Strong duality ensures that, under mild conditions, the optimal values of the primal
and dual coincide. In other words, ¢'2* = b'7*. At such an optimum, complemen-
tary slackness relates each primal inequality constraint to its own dual variable. If a <
constraint has positive slack (unused right-hand side b), or a > constraint has positive
surplus (excess over the right-hand side b), then the dual of that constraint must be zero.
In the other direction, a nonzero dual is possible only if the constraint is binding. That
implication does not reverse, since a binding constraint may still have a zero dual when
the optimum is degenerate. Equality constraints have no slack or surplus, so they are not
forced to a zero dual by this rule. These dual values are the inputs to the pricing step
discussed next.

A.1.2 Pricing and reduced costs

A key concept in column generation is the reduced cost. The reduced cost of a variable
indicates whether the introduction of this variable into the current solution could improve
the objective value. For a minimization problem, only variables with negative reduced
cost are of interest.

Given dual variables 7 associated with the constraints of the RMP, the reduced cost

of a column j with cost ¢; and column vector a; is defined in |[Equation A.3|
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(_:j = Cj — 7TTCLj (A3)

The column vector a; describes how a variable interacts with the constraints of the master
problem. In many scheduling and routing applications, its entries are binary and indicate
whether a column contributes to a given constraint. More generally, this column vector
represents the extent to which a variable satisfies each constraint. Combined with the
dual variables, the term 7" a; measures the total value of the constraints addressed by the
column. A nonzero dual is possible only for a binding constraint and indicates that this
constraint is among the most restrictive parts of the current solution. By complementary
slackness, a constraint with positive slack or surplus carries a zero dual and does not
contribute to the reduced cost.

Importantly, even when a constraint is binding, adding a new column can improve the
objective without changing the constraint’s right-hand side, b. The constraint remains
satisfied, but the way it is satisfied can change. The dual value reflects the marginal cost
of satisfying that constraint given the current set of variables. A column with a negative
reduced cost reveals that this cost can be reduced. Equivalently, a negative reduced cost
indicates that the corresponding dual constraint is violated. This means that the dual
value of the covered constraints exceeds the cost of the column.

The pricing subproblem is responsible for identifying such columns. Rather than

enumerating all possible variables, it solves [Equation A.4]

. T
min cla)—m'a (A.4)
The A denotes the set of all feasible columns and ¢(a) represents the cost associated with
generating column a. If the optimal value is negative, an improving column is found and
added to the RMP. If no such column exists, then no dual constraint is violated. By
strong duality, the current solution is optimal for the full master problem.
The structure of A allows the pricing problem to be solved efficiently using special-
ized algorithms, such as shortest path problems with resource constraints in routing and
scheduling settings.

A.1.3 Illustrative example

Consider a scheduling setting in which each column represents a feasible sequence of tasks.
After solving the RMP, tasks that are difficult to cover correspond to constraints with
high dual values. A sequence that includes such tasks becomes attractive if it provides
a cheaper way of covering them. The pricing problem constructs such sequences while
respecting feasibility requirements.

A.2 Machine learning

Machine learning studies methods that learn patterns from data. Instead of specifying all
decision rules by hand, a model is fitted from examples and then used to make predictions
on new observations. General introductions to the field are given by Bishop| (2006);
James et al.| (2023); Goodfellow et al. (2016). These references cover both the statistical
foundations and the neural network methods that underlie many modern applications.
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A.2.1 Learning settings

Machine learning methods are commonly divided into supervised learning, unsupervised
learning, and reinforcement learning.

In supervised learning, each training example consists of an input together with its
desired output. The objective is to learn a mapping from inputs to outputs that generalizes
well to unseen data. A simple example is predicting whether an email is spam based on
its text, where historical emails provide both the text and the correct label.

In unsupervised learning, no output labels are available. Instead, its objective is to
discover patterns or structures within the data itself. For example, a retailer may group
customers based on purchasing behavior without knowing beforehand which groups should
exist.

In reinforcement learning, an agent interacts with an environment and learns by re-
ceiving rewards for its actions. The objective is to maximize the cumulative reward over
time. A common example is a game-playing agent that learns which actions lead to a
high final score.

A.2.2 Supervised learning and classification

In supervised learning, the training data consist of input-output pairs (z;,y;), where
x; denotes the input features and y; denotes the observed output. The objective is to
learn a function f that maps inputs to predictions. If the output variable is continuous,
the problem is called regression. Predicting travel time or cost is a typical example of a
regression problem. If the output is a categorical label, the problem is called classification.
Binary classification is the special case with only two classes, commonly denoted by 0 and
1.

A classifier produces a prediction for the class of each observation. In binary classifi-
cation, this prediction is often represented as a probability p; € (0,1) that an observation
belongs to class 1. A threshold can then be applied to convert this probability into a class
prediction. A standard loss function for binary classification is the binary cross-entropy

(BCE) loss, which can be seen in

Lpcg = —% Z [yz log(?)i) + (1 - yz) log(1 — Z)z)] (A-5)

where y; € {0,1} is the true label and ¢; is the predicted probability. The loss is min-
imized when the model assigns high probability to the correct class and large penalties
are incurred for confident incorrect predictions. During training, the model parameters
are adjusted to minimize this loss. An example of a binary classifier is logistic regression,
which uses a linear combination of the input features followed by a sigmoid function to
produce a probability estimate.

Good performance on the training data alone is not sufficient. A model may memorize
the training examples and perform poorly on unseen data. This phenomenon is known
as overfitting. A common approach to detect overfitting is to monitor performance on a
validation set that is not used for parameter updates. If the training loss continues to
decrease while validation performance no longer improves, the model is likely beginning
to overfit.
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A.2.3 Neural networks

A neural network is a parametric model composed of layers of simple computational units
called neurons. Each neuron receives inputs, forms a weighted sum, adds a bias term, and
applies a nonlinear activation function. For an input vector x, the operation performed

by a neuron can be expressed as shown in [Equation A.6|

a=¢(w'z+0b) (A.6)

where w denotes the weight vector and b indicates the bias. The term ¢ represents the
activation function, which enables the network to learn nonlinear relationships. Without
nonlinear activations, stacking multiple layers would still be equivalent to a single linear
transformation. Common activation functions include the rectified linear unit (ReLU)
and the sigmoid function, provided in [Equation A.7| and [Equation A.8| respectively.

ReLU(z) = max(0, z) (A.7)
o(z) = b (A.8)
1+ exp(—2)

igure A.l| shows a simple feedforward neural network. The input layer receives the
features, the hidden layer creates intermediate representations, and the output layer pro-
duces the prediction. In binary classification, the final output is often passed through a
sigmoid function to be able to interpret it as a probability.

Input layer Hidden layer Output

Figure A.1: Architecture of a standard feedforward neural network. The network comprises
an input layer with three features, a single hidden layer with four nodes, and an output node for
the final prediction. Each directed edge represents a learnable weight parameter that transforms
the signal as it propagates through the network.

The parameters of a neural network are learned by minimizing a loss function. Back-
propagation, introduced by Rumelhart et al. (1986), computes the gradient of the loss
with respect to each model parameter by applying the chain rule through the network
layers. These gradients are then used by an optimization algorithm to update the param-
eters. The Adam optimizer proposed by Kingma and Ba/| (2017)) is a widely used example
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because it adapts the update step separately for different parameters.

Neural networks can represent highly flexible nonlinear functions, but this flexibility
also increases the risk of overfitting. Regularization methods are therefore commonly
used. Dropout randomly deactivates hidden units during training, which discourages the
model from relying too strongly on a small subset of units. Early stopping terminates
training when validation performance no longer improves. The feedforward neural network
architecture can be extended to data with more complex structures. For graph-structured
data, graph neural networks replace conventional layers with message-passing operations
that allow information to be exchanged between connected nodes.
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