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Abstract

In this paper an accident & emergency department is modeled as a network of queues. 

Then, using standard queueing theory in combination with optimization techniques to 

minimize differences between actual and predicted outcomes, it becomes possible to cal-

culate various characteristics of the model like average waiting time per station and so-

journ time. The big advantage of this approach is that it doesnʼt require knowledge of the 

service time distribution at every station, only the total sojourn time per customer and the 

stations this customer has visited are required to compute an estimate of the average 

service time per station. 

It is shown that this approach works very well when only taking the average sojourn 

time for the station into account. When the entire distribution of sojourn times is taken into 

account, it is shown that this approach works well too. The model is only not able to predict 

outliers accurately, but this is not something that should be expected from such a model.
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Modeling accident & emergency departments

The accident & emergency department of a hospital is in general a place most people do 

not like to be. And might they ever need to go there, the shorter the better. And besides 

this point, safety and security are also important factors why there has been a lot of atten-

tion in studying the characteristics of an A&E department. A key characteristic in this case 

is then the time people spend at an A&E department. However, analyzing such a depart-

ment is fairly complicated because a lot of uncertainty is involved and the processes are 

quite complex. Think for instance of the arrival process for which it is difficult to predict how 

many people exactly are going to arrive in a given hour. Then there is also the time after 

someone has entered the emergency department, where there are a lot of different types 

of care that a patient could need which all take stochastic time. The type of processes a 

patient needs is most often only known after some tests are done. Another factor is the 

use of resources outside of the A&E department for which it is hard to predict whether they  

are available or not.

To be able to analyze and A&E department regardless, often a simulation based ap-

proach is used, see for instance Flether et al. (2007) or Kolker (2008). This is convenient, 

because itʼs possible to model virtually anything and then a simulation can be run until the 

required precision is achieved. A big advantage of this is the large flexibility it offers; almost 

any probability distribution for waiting times can be implemented and also complicated de-

pendence between various stations can be taken into account. A major issue in a 

simulation-based approach is that a large amount of data is needed before good estimates 

of distributions per station or process can be made. This data is generally not available 

and also difficult to gather. Another big drawback of this approach is that it can take quite a 

lot of time to develop a model thatʼs suitable for a certain hospital. Moreover, computation 

time can also be quite large, which is not convenient if one is interested in a lot of different 
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scenarios. From a mathematical point of view, analytical expressions are preferred over 

the outcomes of a simulation. 

Therefore, in this paper another approach is used. Instead of using a simulation 

based approach, models from standard queueing theory are used to model an A&E de-

partment. Then, under various assumptions, it becomes possible to instantly compute the 

characteristics of the waiting time for various patients and, in this way, analyze the system. 

The big advantage of closed-form expressions that arise when using queueing models is 

that it becomes possible to estimate the parameters for the assumed distributions, so this 

is not required to be known beforehand. Some studies in this direction have been done, 

see for instance Mayhew, Smith (2008). However, Mayhew and Smith use models that are 

a lot simpler than reality, so it is still not clear how much time patients spent at various 

stages. To have some input for the model, data from the emergency department of the VU 

medical center was used.
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The processes in the department

The emergency department consists of a lot of different processes, which are not all used 

by every patient. Except for the most urgent patients, which are not taken into account in 

this study, all patients start at the triage. In this stage, the situation of the patient is esti-

mated and an urgency category is assigned to the patient. The next stage is a doctor that 

comes to assess what exactly is wrong with the patient and to try to develop a course of 

treatment. Then, to get better insight into whatʼs wrong with the patient, various tests could 

be needed. One of these is taking a sample from the patient and sending this to the lab for 

analysis; this could for instance be a blood-test. Besides this lab-test, an x-ray or CT-scan 

might be needed. Itʼs also possible the doctor of the A&E department determines that a 

doctor with a certain specialism from elsewhere in the hospital is required to examine or 

treat the patient. After this the required treatment can be determined and the patient can 

be treated. Sometimes a patient then needs to be admitted into the hospital, so an avail-

able bed has to be found and prepared, but other times, the patient can then immediately 

leave the emergency department. 

Figure 1. The processes in the A&E department.
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There are certain difficulties with this process description. One of these is that there 

is no information available on the characteristics of the various steps. Therefore itʼs not 

possible to determine beforehand what on average the waiting- and processing time at a 

certain station is. In addition, there are various dependencies within the system. One ex-

ample is that the doctor that tries to determine beforehand what the course of treatment for 

a patient should be, is the same one that determines the treatment after, for example, an 

x-ray has taken place. If this doctor is busy with another patient after the x-ray has fin-

ished, a patient will have to wait longer. Also, if a certain specialist from the hospital is re-

quired, itʼs hard to tell when this specialist will be available. This depends on a lot of fac-

tors that are hard to capture in a model. This may differ between the various specialisms. 

All these issues makes modeling the department in a mathematically sound way fairly 

complicated. So in the model, the department will be considered on an abstract level, 

rather than trying to fit in all the details.
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General approach

The general approach can best be explained by first using independent M/M/1 queues for 

all processes in the emergency department. Only the consult and waiting for bed station 

are assumed to be infinite server queues, therefore these stations only cause a delay. So 

the arrival process is assumed to be Poisson, which would seem like a probable assump-

tion; the service at every station is assumed to be exponential. It is well known that the 

output process of any station is then again a Poisson process, so the next queue can be 

analyzed in the same way. In this case all the queues are easy to analyze and itʼs a good 

start to build a model from. Of course this is not very realistic, there is not only one server 

at every ʻservice stationʼ and there are dependencies between the queues. Also the as-

sumption of exponential service times might not be a good one. 

Based on the data from the VU hospital emergency department the probabilities of 

going from one server to another were computed. These probabilities are shown in Table 

1.

Triage First Assessment X-Ray CT-scan Lab Second Assessment Treatment

Triage 0 1 0 0 0 0 0
First assess-
ment 0 0 0,4227 0,09 0,0836 0 0,4036

X-Ray 0 0 0 0 0,3977 0,6022 0

CT-Scan 0 0 0 0 0,7477 0,2522 0

Lab 0 0 0 0 0 1 0
Second As-
sessment 0 0 0 0 0 0 1

Table 1. Probability of moving from one station to the next.

From these probabilities the incoming rate at every station, the lambda, can be com-

puted. This is the case, since every patient first arrives at the triage station and goes on to 
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the first assessment. After this, for instance with a 0.42 probability a patient continues to 

the x-ray station. Since this is the only station from which a patient can continue to the x-

ray station, the arrival rate at the x-ray station is 0.42 times the original arrival rate. Or 

generally:

 

Now the only other thing needed are the service characteristics, the beta or mu, of 

every server. These were initially set to a random value, since these were not known in 

advance. Now for every queue the rho (or traffic load) is straightforward to compute and 

with this the expected sojourn time at a certain station (see for instance Koole (2009)). In 

particular:

and the expected sojourn time (under the M/M/1 assumption)

Because of the independence assumption, all expected sojourn times can be added 

up in the right way to get an overall expected sojourn time. For example if we want to 

compute the expected sojourn time of a patient that goes to both the ʻlab-stationʼ and the 

ʻx-ray-stationʼ, the sum would be 

For various patient-groups the expected sojourn times according to this model were 

computed and compared with the actual values. Since there are 9 stations, at least 9 

equations are needed to determine the average service times from the actual data. There-

fore, 9 different patient-flows were selected and their actual average staying times at the 

A&E department were computed from the data. All these patient-flows are disjunct to en-
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sure that proportionate weight is given to every station. Next, to determine the expected 

service time per station, the sum over the absolute differences between the actual average 

sojourn time and the computed average sojourn time was minimized

by changing these expected service times using the Generalized Reduced Gradient 

(GRG2) algorithm.

These differences can be seen in Table 2.

Patient type Computed Data

 Waiting Overall:

145 142
 Waiting 

(L+R+O-C):
210 212

 Waiting 
(L+R+O+C):

244 212
 Waiting (-L-R-

C-O):
54 78

 Waiting (R+L-O-
C):

197 197
 Waiting (R+L-

O+C):
232 232

 Waiting (R-L-O-
C)

158 119
 Waiting (L-R-O-

C):
165 165

 Waiting (R-L-
O+C)

193 194
 Waiting 

(CT+L+O+C)
283 283

Table 2. Comparison of actual and predicted values from the M/M/1 model
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All values are sojourn times at the A&E department in minutes. An explanation of the 

various patient types can be found in Appendix B.
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Extensions to the simple model

M/M/s queues

A natural extension to the previous model is not using queues with necessarily one server, 

but allowing more servers per station, still keeping the service times independent and ex-

ponential. This affects the first and second assessment stages where there are three doc-

tors and the treatment stage where there are three nurses. This still allows for easy com-

putation of the expected waiting times at the queues, but is a bit more realistic than as-

suming there is only one server at every station. Again, in the same way, the expected 

service times per station were computed by minimizing the absolute differences using the 

M/M/s expected sojourn times for appropriate stations. The results of this model can be 

seen in Table 3.

Computed Data

 Sojourn time 
Overall:

148 142
 Sojourn time 
(L+R+O-C):

203 212
 Sojourn time 
(L+R+O+C):

228 212
 Sojourn time 
(-L-R-C-O):

78 78
 Sojourn time 
(R+L-O-C):

203 197
 Sojourn time 
(R+L-O+C):

227 232
 Sojourn time 
(R-L-O-C)

143 119
 Sojourn time (L-
R-O-C):

144 165
 Sojourn time 
(R-L-O+C)

169 194
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Computed Data

 Sojourn time 
(CT+L+O+C)

283 283

Table 3. Comparison of actual and predicted values from the M/M/s model

For some patient groups this is not very close to the actual values, and this is to be 

expected, as the model used is not exactly like reality. Note for instance that in reality the 

average duration of stay is equal for (R+L+O+C) and (R+L+O-C) type patients. In the 

model used now, itʼs not possible to model this. The average waiting and service times per 

station can be seen in Table 4.

Average service time Average waiting time

Triage

First Assessment

X-ray

Lab

CT-scan

Second Assessment

Waiting for bed

Consult

Treatment

8 10

21 2

20 38

24 34

63 36

7 0

- 0,001

- 25

36 0,03

Table 4. Service and waiting times per station in M/M/s model

These values are not what one would expect. Note for instance that there is hardly any 

waiting for the first and second assessment and the treatment. 
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Dependence between first and second assessment and parallel stations

To provide better results, a number of extensions were implemented. In practice there are 

not separate stations for both the first and second assessment, the same doctor both car-

ries out the first and second assessment. To take this into account in the model as well, 

the first and second assessment stations are merged into one station where most patients 

pass twice. This is an approximation, as in reality it is unlikely both the first and second as-

sessment take the same amount of time. So this queue actually has more variability than 

is now modeled, however due to the complexity of a multi-type, multi-server queue without 

priorities, this approach was chosen (see for instance Van Harten and Sleptchenko 

(2003)). 

Second, it seems reasonable to assume that if a patients needs both a lab test and an 

x-ray, these processes are often carried out in parallel. Therefore, the expected waiting 

time for a patient that requires both an x-ray and a lab test, is the expectation of the maxi-

mum of the two. A derivation of the expectation of the maximum of two exponentials can 

be found in appendix A. Incorporating these two modifications gives the results of Table 5. 

The results are a little bit closer to the actual values, but still they are not completely the 

same. Therefore, other extensions were made.
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Patient type Computed Data

 Sojourn time 
Overall:

148 142
 Sojourn time 
(L+R+O-C):

195 212
 Sojourn time 
(L+R+O+C):

232 212
 Sojourn 
timeSojourn 
time (N-C-O): 78 78
 Sojourn time 
(R+L-O-C):

195 197
 Sojourn time 
(R+L-O+C):

232 232
 Sojourn time 
(R-L-O-C)

138 119
 Sojourn time (L-
R-O-C):

165 165
 Sojourn time 
(R-L-O+C)

175 194
 Sojourn time 
(CT+L+O+C)

283 283

Table 5. Comparison of actual and predicted values for the extended M/M/s model

Fine tuning the model

A general station called ʻgeneral waitingʼ was added. This is to reflect the fact that the sys-

tem in reality is not as perfect as it is in this model. Factors that may influence the sojourn 

times of all patients are for example acute patients arriving at the shock room, transporta-

tion times, doctors that get called away, registration times, etc. This delay was assumed to 

be independent of the type of patient and exponentially distributed. Moreover, a speed fac-
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tor was added, to reflect the fact that certain types of patients can be treated a lot quicker 

than others. For instance, a patient that only needs an x-ray, is likely to be a patient that 

has a minor injury, like for instance a broken arm or leg. This type of patient is fairly easy to 

treat, so also his triage, first and second assessment and treatment will be faster than for a 

complicated patient. This was subtracted from the total duration of stay. Now the same 

model was again optimized and the results of Table 6 were obtained.

Computed Data

 Sojourn time 
Overall:

140 142
 Sojourn time 
(L+R+O-C):

212 212
 Sojourn time 
(L+R+O+C):

212 212
 Sojourn time 
(N-C-O):

78 78
 Sojourn time 
(R+L-O-C):

193 197
 Sojourn time 
(R+L-O+C):

232 232
 Sojourn time 
(R-L-O-C)

119 119
 Sojourn time (L-
R-O-C):

165 165
 Sojourn time 
(R-L-O+C)

195 194
 Sojourn time 
(CT+L+O+C)

283 283

Table 6. Comparison of actual and predicted values for the fine-tuned M/M/s model
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These values are all very close to their actual values as measured in the data. Other 

parameters of interest for this model are the average waiting and service times per station 

(in minutes). These can be found in Table 7. 

Average service time Average waiting time

Triage

First Assessment

X-ray

Lab

CT-scan

Second Assessment

Waiting for bed

Consult

Treatment

General Waiting

Speed Factor

5 3

15 2

23 38

29 40

63 36

15 2

- 18

- 38

16 11

- 25

- -38

Table 7. Service and waiting times in the final model
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Sojourn time distribution

A natural extension to the previous analysis is to consider the entire sojourn time distribu-

tion as opposed to only the expected value. Under the same assumptions as before, the 

total sojourn time of a patient becomes a sum of exponential distributions (this is not en-

tirely clear for the ʻfine-tunedʼ model, as no distribution was assumed for the speed factor). 

Note that at stations that were modeled as an M/M/1 or M/M/infinity queue the sojourn time 

is exponential. Since waiting times and service times at an M/M/s queue are also exponen-

tial, the total result is just a sum of these exponentials. Using Koole [2004], it is possible to 

find the distribution function by assuming it to be a Cox distribution. Then all the stations 

are a node in the Cox representation and the waiting at the multi-server queues become a 

node as well. In a Cox distribution there is usually a probability of skipping all the nodes 

ahead, however in this model the probability of leaving the system earlier are zero every-

where. There are two difficulties. First, some stations have the same average service time 

(the first and second assessment station) and therefore also both the same service and 

waiting time distribution. Second, waiting does not always occur at the multi-server sta-

tions. This was handled by conditioning on waiting or not at the various stations and then 

later joining the distributions. Then

for all t ≥ 0, with cik as follows:

cik =






1 if i = k = 1;

µkcik−1ᾱk

µk − µi
if k > 1, i < k;

1−
k−1�

j=1

cjk otherwise, i.e., if i = k > 1.

Theorem 1 is a special case of Theorem 2, that deals with the case of general parameter
values. Because of its simplicity and relevance for applications, we formulated it. Before
continuing with Theorem 2, we introduce some additional notation.

Define:
- m(j) = #{i|µi = µj, 1 ≤ i < j}, i.e., the number of times µj occurs in µ1, . . . , µj−1;
- h(j, k) = mini{µi = µj, j < i ≤ k} if such an i exists, 0 otherwise, i.e., the lowest higher
numbered phase with the same parameter in the Cox distribution with k phases;
- n(j) = maxi{µi = µj, 1 ≤ i < j} if m(j) > 0, 0 otherwise, i.e., the highest lower numbered
phase in the Cox distribution with the same parameter;
- l(k) = mini{µi = µk, 1 ≤ i ≤ k}, i.e., the lowest numbered phase with parameter µk.

For convenience we also take c0k = 0 for all k.

Theorem 2 For arbitrary µk > 0, F̄k for 1 ≤ k ≤ n is given by

F̄k(t) =
k�

i=1

cikt
m(i)e−µit (1)

for all t ≥ 0, with cik as follows:

cik =






1 if i = k = 1;

µkcik−1ᾱk − ch(i,k)k(m(i) + 1)

µk − µi
if µi �= µk;

µkcn(i)k−1ᾱk

m(i)
if µi = µk, m(i) > 0, k > 1;

1−
�

1≤j<k:m(j)=0,j �=i

cjk otherwise, i.e., if µi = µk, m(i) = 0, k > 1.

Proof We extend the proof of Riordan [3], p. 110–111, who treats a special case of
Theorem 1 (see the paragraph on special cases below). From properties of the exponential
distribution we find for h > 0 small:

Fk(t + h) = µkh(αk + ᾱkFk−1(t)) + (1− µkh)Fk(t) + o(h),

2
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with 

• m(j) = #{i | μi = μj , 1 ≤ i < j },

• h(j, k) = mini{ μi = μj , j < i ≤ k},

• n(j) = maxi{ μi = μj , 1 ≤ i < j} if m(j) > 0, 0 otherwise,

• l(k) = mini{ μi = μk , 1 ≤ i ≤ k}

Implementing the numerical algorithm in Koole (2004) with probabilities of leaving the 

system set to zero and unconditioning allows to analyze the length of stay at the A&E de-

partment. Comparing the obtained results to the actual data gives the following result for 

the patients that require lab, x-ray and a consult:
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Actual and predicted sojourn times

Time (hours)

D
en
si
ty

0 2 4 6 8 10

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

Figure 2. Comparison of actual and predicted sojourn time distribution for (L+R-O+C) patients
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For the patients that require only a first assessment and treatment, the following re-

sults were obtained:

Actual and predicted sojourn times

Time (hours)

D
en
si
ty

0 1 2 3 4 5 6

0.
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
7

Figure 3. Comparison of actual and predicted sojourn time distribution for (-L-R-O-C) patients

These patient-flows were chosen because they are very different, one requiring a lot of 

care and the other hardly any, and because there was enough data about these patients to 

reliably compare with a prediction. The average service times were taken from the M/M/s 
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model with the coupled first and second assessment, but without the parallel servers, the 

general waiting and the speed-factor, as it is not so apparent what type of distribution 

these have.

It becomes clear that the prediction by the model does have the same form and is also 

fairly close to the data. However the empirical distribution is slightly more peaked and has 

slightly fatter right tail. 
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Conclusion

Modeling an emergency ward as a system of queues makes it possible to estimate the av-

erage waiting time at every separate station and if enough detail is added, provides fairly 

accurate results for the average waiting and service times. If the entire distribution is taken 

into account, this also yields fairly accurate results. The difference between the predicted 

and empirical sojourn time distribution is mainly caused by the outliers in the right tail. But 

this is not something that can be expected from such a model. However, it remains an 

open question whether minimizing the difference between the predicted and actual distri-

bution yields even better results. 
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Appendix A: Derivation of the expectation of the maximum of two exponentials

Assume S1, S2 are both independently, exponentially distributed with parameters η and ξ. 

Then

,so 

.

Therefore,
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Appendix B: Explanation of various patient types

In all the tables the type of patients were abbreviated to be able to show this information 

quickly. The letters mean the following:

R:! X-ray

L:! Lab test

CT:! CT-Scan

O:! Admitted to the hospital

C:! External consult needed.

In the table, a ʻ+ʼ sign before such a symbol means a patient needs this type of care, 

whereas a ʻ-ʼ sign before such a symbol means that the patient does not need this type of 

care. For compactness, the first symbol is always assumed to be needed. So type (R-

L+O+C) is a patient that requires x-ray, admittance to the hospital and an external consult, 

but does not require a lab test.
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