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Preface

This paper writes about a stochastic simulation model which can be used to
measure risk against surplus. I have written this paper to make the subject
Dynamic Financial Analysis more understandable and I have tried to answer
questions such as why a Dynamic Financial Analysis would be useful, which
variables are important and what are the effects of those variables.
My goal with this paper is that people with no real connection with the
insurance business, but with a mathematical background understand this
document and also learn something about the insurance business. Of course
everybody that is interested in the subject can also read this paper.
This paper would not be the way it is now if I did not have such a good
mentor who provided me ideas and kept me on the right track, thus thank
you, Arjen Siegmann, for all your help.
I also want to thank my husband Daan and my family for their support and
understanding, since I have been totally occupied with writing this paper.
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Chapter 1

Introduction

During my internship for a nonlife insurance corporation, Dynamic Financial
Analysis would originally be the subject of the internship. Due to circum-
stances the subject changed, but my interest in Dynamic Financial Analysis
(DFA) did not.
For my study business mathematics and informatics I had to do a literature
study on a subject. Since I wanted to know more about DFA’s, this report
is about Dynamic Financial Analysis.
The former Dutch supervisor ”Pensioen en verzekeringskamer” (PVK), whose
tasks are now done by the DNB (”De Nederlandsche Bank”), made a consul-
tation document to test the financial position and the solvency adequacy of
pension funds and insurance corporations. In this document there are several
proposals to test the financial position and the solvency adequacy: a small
test, a standardised method and an internal method. All methods have re-
quirements, but using a DFA to calculate the requested would fall within
the boundaries of the internal method when talking about nonlife insurance
corporations.
The consultation document, the ”Financieel Toetsingskader”, is the Dutch
interpretation of a more elaborate solvency project that is planned to be
finished in 2010, Solvency II. Solvency II will be the European standard to
measure solvency for pension funds and insurance corporations.
The consultation document writes about a list of possible risks, which are
stated on the next page:
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8 CHAPTER 1. INTRODUCTION

1. Market risk
a. Interest risk
b. Exchange rate risk
c. Currency risk
d. Basic risk
e. Mismatch risk
f. Volatility risk
g. Reinvestment risk

2. Credit risk
a. Business related risk
b. Debt risk of investments
c. Political risk
d. Country risk

3. Liquidity risk
a. Catastrophe risk
b. Surrender risk
c. Migration risk
d. Publicity risk
e. Economic recession
f. Trust in the credit line
g. Access to the financial market

4. Insurance risk
a. Process risk
b. Premium risk
c. Product risk
d. Claim risk
e. Economic risk
f. Own retention risk
g. Policyholder risk
h. Reserving risk

5. Concentration risk

6. Operational risk

The standardised method of the consultation document only takes into ac-
count the interest risk, inflation risk, credit risk, stock risk, real-estate risk,
raw material risk, currency risk, insurance-technical risk, concentration risk
and the operational risk. An elaborate DFA which takes into account at least
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those risks that are also used in the consultation document, would make the
DFA model an intern model in the eyes of the supervisor.
The supervisor wants to know the financial position of all insurance compa-
nies with risks included and wants to know whether the companies are able
to pay out in a bad year, when all the risks have a negative effect on the
solvency.
Using Dynamic Financial Analysis to calculate the financial position and the
solvency adequacy would fit in this picture, since a DFA gives a probability
distribution of the surplus and the probability of loosing α · 100% can be
derived from the distribution of the surplus.
An insurance company has profits from a DFA as well, because with a DFA
model simulations of the future are calculated which can imply that the cur-
rent portfolio is not a good portfolio. The simulations can also imply that
the premiums that are earned are not high enough. Furthermore the com-
pany will know which risks have an effect on the company and the DFA gives
insight in these effects.

1.1 Problem description

The Casualty Actuarial Society has been active with the formulation and
development of Dynamic Financial Analysis defined it as, (see John C. Bur-
kett, Thomas McIntyre and Stephen M. Sonlin (2001)):

”A systematic approach to financial modelling in which financial results are
projected under a variety of possible scenarios, showing how outcomes might
be affected by changing internal and/or external conditions.”

Reading this definition still leaves much open. There is no unique methodol-
ogy for Dynamic Financial Analysis and there are several Dynamic Financial
Analysis software products on the market, all using its own methodology.

Understanding a DFA model is not easy, because there are many things
that have to be considered. Many models can be used to estimate variables
such as the loss trends in premiums, underwriting cycles, etc., but it is more
important to understand the basics of a DFA. Explaining the models that
are used to calculate the variables is interesting as well, but there are many
models that can be used, one better than the other. Choosing which model
can be used best, is an art itself.
After understanding the basics of DFA, one could read more about the mod-
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elling of certain variables, which can then be implemented in the basic DFA
model. My goal is to make DFA more understandable, thus this paper.
In order to make DFA more understandable, many variables that should be
in a more elaborate DFA, are not put in this DFA model.

My goal with this paper is to make DFA more understandable and answer the
questions why an insurance company would use a DFA, what can the com-
pany do with the DFA, what are the important variables and what changes
can be made in the DFA.



Chapter 2

A DFA model

As written in the problem description, a DFA is an approach to financial
modelling, with variables that affect the scenarios and thus the outcome.
In a DFA, two things are measured, the surplus and the risk. For each risk a
surplus can be found, which is called a strategy. The main question in a DFA
model is what is the best strategy? This chapter is about how to calculate
the surplus and choosing the risk measure.

The surplus Ut for a year t is defined as the difference between the mar-
ket value of the assets and the market value of the liabilities (derived from
the discounted loss reserves and unearned premium reserves). Using the def-
inition of the surplus, it would look like formula 2.1:

Ut = At − Lt. (2.1)

with At = market value of the assets at year t and
Lt = market value of the liabilities at year t.

An insurance company is affected by many things, such as inflation, market
risk, credit risk, operational risk, etc.. All these risks can be implemented
in the model, but to keep the model simple, these risks are not taken into
account in this model.
The main variables in an insurance company that affect the assets and lia-
bilities are the premiums, reserves, claimed losses, expenses and assets, such
as stocks, bonds, real-estate, etc..
To keep the model simple and understandable, the earned premiums Pt, the
market value of assets

∑
i It(i), the expenses Et, the losses paid Zt and the

11



12 CHAPTER 2. A DFA MODEL

loss reserves Rt are taken into account. Other variables can also be inserted
in the model, such as the issuing of new equity or taxes, but this would only
make the model more difficult.

The following sections show how the assets, the liabilities, the earnings and
the costs can be calculated.

2.1 Asset calculations

There are many sorts of assets, such as bonds, stocks, real-estate, cash, loans,
etc.. New bonds can be emitted, stocks can be changed, etc.. To keep the
model understandable, assume there are i sorts of assets in the portfolio,
from which the market value are all calculated the same way, which will be
explained in this section. Furthermore assume that there are no new assets
obtained and no assets are lost, then At the value of an asset i in year t, can
be calculated with formula 2.2:

At =
∑

i

It−1(i) ·Dt(i)At−1 + Pt − Et − Zt, (2.2)

with It(i) = the market value of asset i in year t,
Dt(i) = the return on asset i in year t,
Pt = the earned premiums in year t,
Et = the expenses in year t and
Zt = the losses paid in year t.

With formula 2.2 one could decide whether to keep the same portfolio as the
year before or to change the portfolio, because the return on the portfolio is
not as good as was presumed to be.
Of course the height of the earnings (earned premiums) and the costs (ex-
penses and paid losses) also affect the amount of the assets. The pricing of the
premiums, the composition of the expenses and the terms on which a claim
will be paid all have effect on the asset amount of year t. What a company
wants is to make profit in any way it can, this means that the premiums
should be high enough to cover the expenses, the paid losses and a profit
percentage.
When this is not the case, one should search the reason. In an unfortunately
year, the reason could be a catastrophe. The possibility of a catastrophe
should also be taken into account in the pricing of the premiums. Another
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reason could be that the expenses that are made are too high, which can
be solved by changing commission percentages or reorganise to work more
efficiently and thus lowering the expenses. If the amount of paid losses is too
high, then the company can think of refurbishing the policy.
The calculation of the premiums, the expenses and the paid losses will be
discussed in sections 2.2, 2.3 and 2.5. The calculations of the market value
of the assets will be discussed below.

The asset return Dt(i) is dependent of the interest rt in year t. A model
is needed to calculated the asset return, which also keeps in mind the inter-
est. There are several models which can be used, here the choice has fallen
on a vector autoregressive model.

Suppose a vector Yt, with

Yt =

(
Dt(i)

rt

)
. (2.3)

Then Yt can be modelled with a vector autoregressive model:

Yt = µY + A · Yt−1 + εY
t , (2.4)

with µY =

(
µDt(i)

µrt

)
, where µDt(i) and µrt are constants, which estimations

can be based on historical data.
A = a matrix with a Choleski decomposition of the covariance matrix

of Dt(i) and rt, the covariance matrix is based on historical data,

εY
t =

(
εDt(i)

εrt

)
, the error vector, with εDt(i) ∼ N(0, σ2

Dt(i)
) and

εrt ∼ N(0, σ2
rt
).

With the correct µY , mean and covariance matrix (all based on historical
data), the simulated scenarios will act the same way.
For each asset i the vector autoregressive model can be used, each having its
own parameters.
The vector autoregressive model can also be modelled differently, taking along
the whole portfolio in one model. In that case the correlation between the i
sorts of asset are taken along as well. Depending the goal of the company,
this second model can be used.
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2.2 Premiums

In an insurance company, the written premiums are not the premiums that
are really earned, the earned premiums. This is because a person does not
have to take an insurance policy on the first of January, but can take a policy
the whole year round. Another reason would be that a person only wants the
policy for a short time (not a whole year) or does not like the policy. Many
reasons can be thought of.
An insurance company also does not have accept all the risk a client wants
to insure. The part that a insurer does insure is called exposure. For written
premiums this is the written exposure. There is also a percentage of written
premiums that due to circumstances (think of people that do not pay) that
is not earned. Therefor a company uses the earned premiums to calculate
with. The earned premiums are a percentage of the written premiums.

For the written exposure a model is made. The model used here has three
cases that can be distinguished:

j = 0, exposure for new business,
j = 1, exposure for renewal business, first renewal and
j = 2, exposure for renewal business, second renewal and subsequent

renewals.

There are three cases distinguished because the written exposure differs when
a new product is thrown on the market. The second case and third case are
modelled because the written exposure after the first renewal (thus for ex-
ample the second year that the fairly new product is on the market) differs
from the second and subsequent renewal. Perhaps more or less cases can be
thought of (a product can takes more years to be stable and have slightly dif-
ferent written exposures), but to keep the model simple, three cases are used.

It is logical that for each line of business k the premium and the written
exposure are different. One could even consider that this is different for each
product as well, but this is not taken into account in this model.

With the three cases for written exposure modelled, the written exposure
itself (wj

t (k)) in year t for line of business k with j = 0, 1, 2 can be modelled
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with formula 2.5:

wj
t (k) =

(
aj(k) + bj(k)wj

t−1(k) + εj
t(k)

)+
, j = 0, 1, 2, (2.5)

with εj
t(k) ∼ N(0, σj(k)2), εj

1(k), εj
2(k), ...i.d.d.

for line of business k and
aj(k), bj(k), σj(k) = parameters that can be estimated based

on historical data for line of business k.

The development of the exposure units follow an autoregressive process with
order 1, AR(1). In order to keep the autoregressive process stationary, bj(k) <
1 is assumed.
For the initial value wj

t0(k) the current number of exposure units of each line
of business k can be used.

In order to be able to calculate the earned premiums Pt(k), the written
premium P̃ j

t (k) for each line of business k at time t has to be modelled first.
Formula 2.6 is used to calculate the written premiums P̃ j

t (k) for past years:

P̃ j
t (k) =

wj
t (k)

wj
t−1(k)

P̃ j
t−1(k), j = 0, 1, 2, (2.6)

with w0
t (k) = written exposure units for new business for line of business k,

w1
t (k) = written exposure units for renewal business, first renewal for

line of business k and
w2

t (k) = written exposure units for renewal business, second renewal
and subsequent renewals for line of business k.

This model assumed there is no inflation and not taking into account the
underwriting cycles.
In order to be able to calculate the written premiums P̃ j

t (k) for the past years,
an initial value of P̃ j

t (k) has to be estimated. This is because the premium for
an upcoming year in the future has to be determined before the year starts.
The model for the written premium P j

t (k) that will be charged in year t for
future simulated years is the following:

P j
t (k) =

ŵj
t (k)

wj
t−1(k)

P̃ j
t−1(k), j = 0, 1, 2, (2.7)
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with ŵj
t (k) calculated as in formula 2.5.

The initial value of P̃ j
t0(k) is the written premium of the year before the first

projection year. This can be acquired with some calculations, but it is easier
to use the value that is in the business plan of the company.

As written earlier, the earned premiums can be derived from the written
premiums. The earned premium Pt(k) can be calculated with formula 2.8:

Pt(k) =
2∑

j=0

aj
t(k)P j

t (k) +
(
1− aj

t−1(k)
)
P j

t−1(k), (2.8)

with aj
t(k) = percentage of premium earned in year t, estimated based on

historical data in renewal class j for line of business k.

Formula 2.8 is a formula for only one line of business. In formula 2.2 asks for
the total of all the earned premiums, 2.9 can be used to calculate the total
of earned premiums for all lines of business.

Pt =
l∑

k=1

2∑
j=0

aj
t(k)P j

t (k) +
(
1− aj

t−1(k)
)
P j

t−1(k), (2.9)

with k = the line of business and
l = the number of lines of business.

2.3 Expenses

The expenses that are made by an insurance company lie in the administra-
tion, the selling, the processing of the claims, the commission costs, etc..
Assume that the expenses for a line of business k consist of a fixed amount of
expenses aE(k) and a variable amount bE(k) that depends of the number of
exposures

∑2
j=0 wj

t (k), the expenses Et can be calculated with formula 2.10:

Et =
l∑

k=1

(
aE(k) + bE(k)

2∑
j=0

wj
t (k)

)
, (2.10)
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2.4 Liability calculations

The liabilities Lt can be given by formula 2.11:

Lt = Rt, (2.11)

with Rt = loss reserves from year t.
Other reserves can also be taken into account. One can think of a reserve
for unearned premiums or such. Before the loss reserve Rt can be calculated
though, paid losses have to be calculated, because the paid losses are incor-
porated in the loss reserves. How to calculate the loss reserves are described
in section 2.7.

2.5 Paid losses

Normally not all losses are paid out in the year that they happen (in the
accident year), a part of the losses are paid out later. The losses of an acci-
dent year t1 develop until all the claims of that accident year are paid (losses
develop to the ultimate). A year that the losses of an accident year develop
to another loss value is called a development year t2. Figure 2.1 shows this
graphically.

An insurance company keeps in mind two sorts losses that can occur, losses
from claims from normal business and losses from catastrophes. For past ac-
cident years the insurance company knows whether or not a catastrophical
event has occurred, but for future years, which are going to be simulated,
a catastrophe could happen. The simulation of the two sorts of losses can
be done by modelling them together with one probability distribution or by
modelling them separately. The latter has been chosen for this DFA model.
How the modelling is done, will be described further in this section.

What the insurance company wants to know about the losses is how much
the company has to pay in a year and what amount still has to be paid for
that accident year. The total amount that has to be paid for an accident year
is called the ultimate. This is the value an insurance company is interested in.

Suppose that current time is at the end of t = t0. Then the paid losses
for line of business k of accident year t1 = t0 and t2 = 0 is known. For ac-
cident year t1 = t0 − 1 there are two values known, call them Zt1,0(k) and
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Figure 2.1: Paid losses

Zt1,1(k). These two values are two payments that have been made for the
same accident year (in this case for accident year t1 = t0 − 1, thus the two
values should actually be given by Zt0−1,0(k) and Zt0−1,1(k)). The two values
apart are called incremental payments. When summing up both values, it is
called the cumulative payment Zt1 . This also means that for each accident
year t1 the cumulative payment can be given by:

Zt1(k) =
∑
t2

Zt1,t2(k)

For past accident years (t1 ≤ t0) there are incremental payments known (but
not all). If those known incremental payments are put in a table, it is called
an incremental loss triangle (because the values of the known payments have
the shape of a triangle).
Suppose it takes τ(k) development years to reach the ultimate value of an
accident year t1 (in the insurance world the ultimate value is end-value, an
accident year develops to the ultimate, thus there are no more payments for
that accident year after that point). Also suppose that τ(k) > t2, then the
incremental payments Zt1,t2(k) are known for the previous years (t1+t2 ≤ t0).
For the future development years the incremental payments are not known.
Define dt1,t2(k) as the loss development factor for line of business k, which is
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given by:

dt1,t2(k) =
Zt1,t2(k)

t2−1∑
t=0

Zt1,t(k)

, t2 ≥ 1. (2.12)

The development factors dt1,t2(k) can be calculated for the previous years, but
for the future values these development factors can not be calculated, thus
have to be modelled. In this model a difference is made between development
factors for past accident years (t1 ≤ t0) and future accident years (t1 > t0),
from which no payments are known yet.
Assume that dt1,t2(k) can be fitted with the lognormal distribution. Then for
past accident years the incremental losses Zt1,t2(k) can be calculated with
formula 2.13:

Zt1,t2(k) = dt1,t2(k)

t2−1∑
t=0

Zt1,t(k), (2.13)

with dt1,t2(k) ∼ lognormal
(
µt2(k), σt2(k)2

)
,

µt2(k) = estimated logarithmic loss development factor for development
year t2, based on historical data and

σt2(k) = estimated logarithmic standard deviation of loss development
factor for development
year t2, based on historical data.

Figure 2.2 shows which part is known (green), which part is calculated by
the loss development factors dt1,t2(k) (blue) and which part is simulated in
the DFA model (yellow).
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Figure 2.2: Calculation and simulation

With the incremental losses Zt1,t2(k) defined for past accident years t1 ≤ t0,
the ultimate loss amount Zult

t1
(k) can be defined as:

Zult
t1

(k) =

τ(k)∑
t=0

Zt1,t(k). (2.14)

For future accident years t1 ≥ t0 +1 the ultimate loss amount Zult
t1

(k) can be
defined by formula 2.15

Zult
t1

(k) =
2∑

j=0

N j
t1(k)Xj

t1(k) + bt1(k)

Mt1 (k)∑
i=1

Yt1,i(k)− St1(k), (2.15)

with N j
t1(k) = number of non-catastrophe losses in accident year t1 for line of

business k and renewal class j,

Xj
t1(k) = severity of non-catastrophe losses in accident year t1 for line of

business k and renewal class j,
bt1(k) = market share of the company in year t1 for line of business k,
Mt1 = number of catastrophes in accident year t1,
Y k

t1,i = severity of catastrophe i in line of business k in accident year t1
and

St1(k) = reinsurance recoverables.
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Non-catastrophe losses can be calculated by the multiplication of the number
of non-catastrophe losses N j

t (k) and the mean severity of the losses Xj
t for

period t, renewal class j and line of business k, where Xj
t (k) is given by

formula 2.16:

EXj
t (k) =

1

N j
t (k)

Nj
t∑

i=1

Xj
t (i, k). (2.16)

Loss numbers and the severity of the losses can be fitted to a distribution for
each line of business, but assume that the number of non-catastrophe losses
can be fitted with a negative binomial distribution and the severity of losses
with a gamma distribution.
Let µF,j(k) and σF,j(k) be the mean and standard deviation for the loss
frequencies and µX,j(k) and σX,j(k) the mean and standard deviation for the
loss severities for renewal class j and line of business k.
The reason why loss frequencies are introduced is because loss numbers can
be calculated by using loss frequencies and loss frequencies are more stable
than loss numbers, thus better to use in modelling.
The loss numbers have a negative binomial distribution with parameters a
and p, thus:

N j
t (k) ∼ NB

(
a(k), p(k)

)
, j = 0, 1, 2, (2.17)

and N j
1 (k), N j

2 (k),..., independent. Assume the existence of a mean mN,j
t (k)

and variance vN,j
t (k). Then a(k) and p(k) can be calculated with formula 2.18

and formula 2.19.

mN,j
t (k) = E[N j

t (k)] =
a(k)

(
1− p(k)

)
p(k)

(2.18)

vN,j
t (k) = Var

(
N j

t (k)
)

=
a(k)

(
1− p(k)

)
p(k)2

(2.19)

with mN,j
t (k) = wj

t (k)µF,j(k),

vN,j
t (k) =

(
wj

t (k)σF,j(k)
)2

,

wj
t (k) = written exposure units (see formula 2.5),

µF,j(k) = estimated loss frequency, based on historical data and
σF,j(k) = estimates standard deviation of loss frequency, based on

historical data.
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The values of (N j
t (k) are assumed realistic when Var(N j

t (k) ≥ E[N j
j (k)], be-

cause negative binomial distributions act this way.

The severity of losses is assumed to be Gamma distributed with parame-
ters α(k) and θ(k), thus:

Xj
t (k) ∼ Gamma

(
α(k), θ(k)

)
, j = 0, 1, 2, (2.20)

with Xj
1(k), Xj

2(k), ... independent. Assume the existence of a mean mX,j
t (k)

and variance vX,j
t (k). Then α(k) and θ(k) can be calculated with formula

2.21 and formula 2.22:

mX,j
t (k) = E[Xj

t ] = αθ, (2.21)

vX,j
t = Var(Xj

t ) = αθ2, (2.22)

with mX,j
t (k) = µX,j(k),

vX,j
t (k) =

(
σX,j(k)

)2
,

µX,j(k) = estimate mean severity, based on historical data,
σX,j(k) = estimate standard deviation of the severity, based on

historical data.

The loss amount for non-catastrophe can be calculated by multiplying the
number of losses with the severity, for line of business k this can be calculated
with:

2∑
j=0

N j
t (k)Xj

t (k). (2.23)

Formula 2.23 is incorporated in formula 2.15.

Catastrophical losses are a result of catastrophes. Catastrophes happen thus
have to be modelled as well. Assume the number of catastrophes Mt(k) that
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happen in year t for line of business k. Assume that Mt(k) have no trends
and have a distribution (negative binomial, poisson, binomial,...) with mean
mM(k) and variance vM(k):

Mt(k) ∼ NB, Pois, Bin,...
(
mM(k), vM(k)

)
, (2.24)

with M1, M2, ... i.d.d.
mM(k) = estimated number of catastrophes, based on historical data,
vM(k) = estimated variance, based on historical data.

Let Yt,i be the total economic loss caused by catastrophe i in year t, with
i ∈ {1, ...,Mt}. Then the distribution of Yt,i can be given by:

Yt,i ∼ lognormal, Pareto,...
(
µY

t , (σY
t )2

)
, (2.25)

with Yt,1, Yt,2, ... i.d.d.,
Yt1,i1 , Yt2,i2 independent ∀(t1, i1) 6= (t2, i2),
µY = estimate of the total economic loss, based on historical data,
σY = estimate standard deviation, based on historical data.

The percentage of total economic loss Yt,1 that has effect on line of business
k can now be calculated by introducing a variable at,i(k) and using formula
2.26:

Yt,i(k) = at,i(k)Yt,i (2.26)

with k = line of business,
l = total number of lines considered.

at,i(k) can be simulated, but it is easier to estimate this percentage for each
line of business, based on historical data.

In formula 2.15 the market share bt(k) of the company in year t for line
of business k is also used. This variable is a percentage as well and is used
to calculate the loss amount of a catastrophe the company has to pay. This
means that with at,i(k) the total economic loss is divided in k portions and
with bt1(k) the company’s loss is calculated.
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Formula 2.15 also considers the possibility that a reinsurer takes a part of the
losses (non-catastrophical and catastrophical) for its account. Depending on
what kind of reinsurance contracts the company has, for each line of business
k and accident year t1, a formula for the reinsurance amount St1(k) can be
made.

2.6 Discount rate

For long term interest rates one could use a constant interest rate or a use
a yield curve to estimate the interest rate. To keep the model simple, this
model assumes a constant discount rate, which is called Ht,T . Where Ht,T is
the T year discount rate at time t.

2.7 Loss Reserves

An insurance company keeps loss reserves in order to be able to pay out losses
for accident years that have not yet reached its ultimate. That is why the
insurance company keeps enough assets to be able to maintain this reserve.
Reading the first line of this section would mean that the loss reserves can be
calculated by the difference of the ultimate and the sum of the incremental
payments that already have been paid. This is almost true, but not totally,
because there are assets maintaining the balance, thus the reserve can be
discounted with a risk free rate.
In order to calculate the discounted loss reserves, the incremental payments
of the ultimate loss amounts have to be calculated. How to calculate the
incremental payments of the ultimate loss amounts of calender year t1 + t2 ≥
t0 +1 for accident years t1 ≤ t0 is explained in formula 2.13. The incremental
payments for previous years t1+t2 ≤ t0 are known. This leaves the calculation
of the incremental payments for future ultimate loss amounts.
Assume that the incremental payments for future accident years t1 > t0 in
development year t2 can be calculated with formula 2.27:

Zt1,t2(k) = At1,t2(k)Zult
t1

(k), (2.27)

with At1,t2(k) the incremental percentage of the future ultimate loss amount
for line of business k. At1,t2(k) can be simulated with a probability distribu-
tion with parameters based on payment patters of previous calender years.
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Roger Kaufmann, Andreas Gadmer and Ralf Klett (2001) chose the beta
distribution to simulate At1,t2(k):

At1,t2(k) =


Bt1,0(k), for t2 = 0,

Bt1,t2(k)
(
1−

t2−1∑
t=0

At1,t(k)
)
, for t2 ≥ 1,

(2.28)

with Bt1,t2(k) ∼ beta
(
α(k), β(k)

)
, with α(k) > −1 and β(k) > −1,

incremental loss payment factor due to accident year t1 in
development year t2 for line of business k in relation to the
sum of remaining incremental loss payments concerning the
same accident year.

α(k) and β(k) can be calculated by using formula 2.29 and formula 2.30:

mt1,t2(k) = E[Bt1,t2 ] =
α(k) + 1

α(k) + β(k) + 2
(2.29)

vt1,t2(k) = Var
(
Bt1,t2(k)

)
=

(
α(k) + 1

)(
β(k) + 1

)(
α(k) + β(k) + 2

)2(
α(k) + β(k) + 3

) (2.30)

with mt1,t2(k) = estimated mean value of incremental loss payments due to
accident year t1 in development year t2 for line of business
k in relation to the sum of remaining incremental loss
payments concerning the same accident year, based on

At1−1,t2Pτ(k)
t=t2

At1−1,t

,
At1−2,t2Pτ(k)
t=t2

At1−2,t

, ... ,

vt1,t2(k) = estimated variance, based on the same historical data as
the mean.

Sometimes no solution can be found where α(k) > −1 and β(k) > −1. Then
another probability distribution has to be used, which can be implemented
as well.
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For each accident year t1 the estimated ultimate claim amount in each de-
velopment year t2 for line of business k can be calculated with formula 2.31:

Ẑult
t1,t2

(k) =

τ(k)∏
t=t2+1

(
1 + eµt(k)

) t2∑
t=0

Zt1,t(k), (2.31)

with µt(k) = estimated logarithmic loss development factor for year t for
line of business k, based on historical data,

Zt1,t(k)= simulated losses for accident year t1 for line of business k,
to be paid in development year t, see formula 2.13 and
formula 2.27.

The reserves of accident year t1 at the end of calender year t1 + t2 can be cal-
culated by the difference of the discounted ultimate claim amount Ẑult,disc

t1,t2 (k)
and the losses that are already paid for that accident year t1 for each line of
business k. Ẑult,disc

t1,t2 (k) can be calculated with formula 2.32:

Ẑult,disc

t1,t2 (k) =

(
1 + e−Ht1+t2,1 eµt2 (k)+1 +

τ(k)∑
s=t2+2

e−Ht1+t2,s−t2 eµs(k)

s−1∏
t=t2+1

(1 + eµt(k))

)
·

t2∑
t=0

Zt1,t(k),

(2.32)

with Ht,T = the T year discount rate at time t, for see paragraph 2.6
µt(k) = estimated logarithmic loss development factor for year t

for line of business k, based on historical data,
Zt1,t(k) = simulated losses for accident year t1, paid in development

year t for line of business k, see formula 2.13 and formula
2.27

With the discounted ultimate claim amount and the losses paid to date cal-
culated, the total of loss reserves Rt can be given with formula 2.33:

Rt =
l∑

k=1

τ(k)∑
t2=0

(
Ẑult,disc

t−t2,t2(k)−
t2∑

s=0

Zt−t2,s(k)

)
, (2.33)
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2.8 Risk measurement

At the beginning of this chapter two measurements were mentioned that are
used in a DFA model, the surplus and the risk. What the insurance company
wants to know is what return (surplus) can the company get at which risk?
Take the expected surplus in year t as the return measure, thus E[Ut] and
take P(Ut < 0) as the risk measure.

Having chosen the two measurements still leaves open which strategy is the
best strategy.

Figure 2.3: Return versus risk

When a company wants to have the highest return (the red dot in figure 2.3),
then the best thing the company can do to acquire this return is to change
the portfolio to a stock only portfolio. As shown in the figure, the highest
return does have the most risk, thus this choice would be questionable.
The opposite of the wanting the highest return is wanting the lowest risk
possible (the blue dot in figure 2.3). This can be acquired by reinsuring
everything, but then no profit will be made and a company should ask itself
why be an insurance company at all?
Simulating with the DFA will offer many strategies that can all be put in a
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diagram such as in figure 2.4.

Figure 2.4: Strategies

A way to choose the optimal strategy is by setting a value θ for which the
risk measure P(Ut < 0) ≤ θ and choosing the best return that fits with that
probability.

Of course the company should also look what really happens in a strategy.
An optimal strategy is only optimal when the variables within the strategy
are realistic. The outcome of a strategy gives a portfolio combination with a
certain return. It also gives an amount of claims that have fallen. Based on
this outcome decisions are made, such as portfolio changes, changing the pre-
mium or changing the reinsurance contracts. This means that the choosing
of the optimal strategy should be done with care.

2.9 Example calculation of the loss reserve

Assume the numbers in figures 2.5 and 2.6, that there is only one line of
business and τ = 10 and the discount rate is Ht,T = 2% for all T . What is
the loss reserve for accident year t0 − 5 when t2 = 5 (thus the current time
is t0)?
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Figure 2.5: A number example

Figure 2.6: Loss development factor

Ẑult,disc
t0−5,5 =

(
1 + e−Ht0,1eµ6 +

τ∑
s=7

e−Ht0,s−5eµs

s−1∏
t=6

(1 + eµt)

) 5∑
t=0

Zt0−5,t

Rewriting this formula out gives:

Ẑult,disc
t0−5,5 =

(
1 + e−Ht0,1eµ6 +

(
e−Ht0 ,2eµ7(1 + eµ6)(1 + eµ7)

)
+

(
e−Ht0,3eµ8(1 + eµ7)(1 + eµ8)

)
+

(
e−Ht0,4eµ9(1 + eµ8)(1 + eµ9)

)
+

(
e−Ht0,5eµ10(1 + eµ9)(1 + eµ10)

)) 5∑
t=0

Zt0−5,t

Calculating the parts give:
5∑

t=0

Zt0−5,t = 200 + 75 + 75 + 50 + 50 + 50 = 500,

1 + e−Ht0,1eµ6 = 1 + e−0.02e−1.897 = 1.147,
e−Ht0,2eµ7(1 + eµ6)(1 + eµ7) = e−0.02e−2.442(1 + e−1.897)(1 + e−2.442) = 0.107,
e−Ht0,3eµ8(1 + eµ7)(1 + eµ8) = e−0.02e−2.749(1 + e−2.442)(1 + e−2.749) = 0.073,
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e−Ht0,4eµ9(1 + eµ8)(1 + eµ9) = e−0.02e−3.099(1 + e−2.749)(1 + e−3.099) = 0.049,
e−Ht0,5eµ10(1 + eµ9)(1 + eµ10) = e−0.02e−3.548(1 + e−3.099)(1 + e−3.548) = 0.030.

Then Ẑult,disc
t0−5,5 = (1.147 + 0.107 + 0.073 + 0.049 + 0.030) · 500 = 702, 81.

The loss reserve in year t0 for accident year t0 − 5 is:

Rt0(t0 − 5) = 702, 55− 500 = 202, 81

The remaining part of the loss reserve can be calculated the same way.

When the model had used a different discount rate for each year (follow-
ing a term structure or another model), the loss reserve would have looked
differently.

Figure 2.7: Variable discount rates

When the discounting rates are as in figure 2.7, Ẑult,disc
t0−5,5 = 702.29 and the

loss reserve in year t0 for accident year t0− 5 would be Rt0(t0− 5) = 202, 29.

The difference between the two methods does not look substantial, but when
there are thousands of claims in a year, then the discounted ultimates are in
the millions and the reserves are considerable as well, thus the difference will
be more sizable as well.
I chose to keep the model simple, but an insurance company that has more
feeling with a DFA model should consider to implement a more elaborate
discount rate model.
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Conclusion

This simple DFA model shows how a DFA works. Even though many vari-
ables and effects where not taken into account, it roughly gives an idea of
the scope of what a DFA could do.
With the help of the outcome of the DFA model certain decisions can be made
to change that outcome. The insurance company could decide to change the
partition of the portfolio or change the height of the premiums based on the
outcome of At. A decision can be made to change the reinsurance contracts,
because the calculations the values of the future Zult

t1
(k) indicate that in the

future more (or less) reinsurance is needed than the current reinsurance con-
tracts cover. An insurance company can even decide to change their business
strategy after reading the outcome, because it indicates that a certain line
of business has much more potential than considered. The table below shows
the most important variables, their drivers and what decision can be made.
It also that from the variables that are taken into account (the earned pre-
miums, the market value of assets, the expenses, the losses paid and the loss
reserves), the only variable with no real added value to the DFA model is the
expenses.

variable drivers decisions
asset return financial market → change of portfolio
discount rate financial market → create a security margin on the loss reserve
claims accident realisation → change the premium

& catastrophes → reinsurance

This DFA model shows that it is better not to use a constant discount rate,
because the discount rate affects the height of the loss reserves, thus the lia-
bilities.
The model also gives a way to optimise the return against the risk. Even

31
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though when taking other measurements for the return or risk, probably an-
other way has to be used, it gives an idea of how to optimise these measures.
When looking at the outcome of the risk and return, a company can search
for certain points. A company can conclude that after many simulations a
certain portfolio always comes out well within the strategies even when other
variables, such as the discount rate, change. The company could then decide
to take such a portfolio. Based on the return and the risk outcomes, the best
strategy can affect a company’s decision whether or not to change a portfolio
or reinsurance contract or the premium policies.

This DFA does not take all risks into account that are required by the Dutch
supervisor, but they can be modelled. With the probability distribution of
the surplus, the solvency can be calculated. When P(Ut < 0), the company
is considered insolvent. The supervisor also want to know the volatility of
those risks.
This DFA misses the inflation risk, credit risk, raw material risk (if the com-
pany has raw materials), currency risk, insurance-technical risk, concentra-
tion risk and operational risk. When implementing these risks into the a DFA
and the company can calculate the volatility of all the risks, then the super-
visor would be satisfied.

Some remarks on DFA models in general:

• DFA models try to simulate the future, but as elaborate as the model
is, a DFA can never simulate the real world with all its complexities.

• DFA is a model with assumptions. These assumptions can be wrong.
Always validate the model.

• DFA requires calibration. Calibrating values takes time.

• A DFA can be made as elaborate as a company wants, but before
expanding the model, be sure to understand the existing model and
the effect the expanding has.
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